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When properly attached, shear-rigid light-gage metal dia-
phragms, such as roof decking or wall sheathing, can be very
effective as lateral bracing for slender columns and beams.
At present, limited design use is made of this fact, because
of inadequate information on the effectiveness and reliability
of such bracing.
In this thesis, previous theory on the stability of I-
section beams and columns braced with shear-rigid diaphragms
has been extended. Two energy methods are used, one employ-
ing the Euler-Lagrange conditions from the calculus of varia-
tions, and the other the Rayleigh-Ritz method. The problem
initially considered is that of an I-section beam-column
eccentrically loaded in the plane of the web. This problem
is later reduced to two extreme conditions, a column central-
ly loaded, and a beam sUbjected to uniform bending moment,
for which explicit solutions are obtained. A method for
handling the beam-column problem is indicated.
For a centrally loaded elastic column with continuous
shear-rigid bracing symmetrically disposed with respect to
the column centroid, previous investigators have determined
the augmented weak-axis buckling load as
p = p + Qyy
viii
where Pyy is the weak-axis buckling load of the unbraced
column, and Q is the effective shear rigidity of the bracing.
In this investigation, a theoretical solution is obtained for
centrally loaded columns with a single diaphragm at any lo-
cation, considering possible twist of the column. A solution
for the torsional-flexural buckling load for centrally loaded
columns symmetrically braced by diaphragms is presented also.
In addition, previous results for diaphragm-braced columns
buckling into multiple half sine waves are modified, and a
solution is obtained for buckling of diaphragm-braced columns
with an enforced axis of rotation.
For diaphragm-braced beams subjected to uniform bending
moment, theoretical results are presented for both simply
supported end conditions (ends fixed against rotation about
the longitudinal axis only), and for ends fixed also against
lateral displacement. Inelastic behavior of diaphragm-braced
beams and columns is considered.
Theoretical results are compared with 16 tests of con-
centrically loaded double-column assemblies, and 5 tests of
diaphragm-braced dOUble-beam assemblies subjected to uniform
bending moment. For columns in the elastic range, test re-
sults are consistently about 10 percent below predicted values,
while the magnitude of the increase over the unbraced strength
is several-fold. It is shown that diaphragm bracing can
reliably increase the carrying capacity of slender columns up
to the elastic limit load. Above the elastic limit load, the
influence of diaphragm bracing is much less pronounced, and
somewhat less predictable.
ix
For beams in the elastic range, test results exceed
predicted values obtained neglecting the cross-bending rigid-
ity of the diaphragms, again with a several-fold increase in
carrying capacity. The yield moment of beams appears to be
readily attainable using shear-rigid diaphragm bracing.
x
1. INTRODUCTION
In many structures, shear-resistant light-gage metal
diaphragms, such as wall cladding, roof decking, or floor
panels, are connected directly to beams or columns of the
steel framework. The beams or columns thus are continuously
braced along their length by the diaphragms. The investi-
gation reported in this thesis had the objective of deter-
mining the increased buckling strength of diaphragm-braced
members, in the plane of the diaphragm. The light-gage
wall cladding on a metal building frame can brace the col-
umns against buckling about their weak axis if adequate con-
nection is provided between the columns and the diaphragm.
Similarly, light-gage steel roof decking can oppose lateral
buckling of truss chords, roof beams, and purlins. The
action of dia~iragms in bracing individual members is
seldom taken into account in design because of inadequate
information on the effectiveness and reliability of such
bracing.
Timoshenkol*has discussed the buckling of bars on
elastic foundations, where the foundation consists of close-
ly spaced, independently acting elastic springs whose re-
actions are proportional to the lateral displacement of
the bar. He also considered the buckling of bars support-
ed on several interior elastic point supports. Bleich2
extended the theory and considered further cases of bars
elastically supported at various points.
* Superscripts indicate reference numbers in the Bibliography.
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2Green3 and Winter4 determined the magnitude of the
expected lateral forces in bracing. In Ref. 4, two char-
acteristics of lateral support are distinguished: strength
and stiffness; and "full bracing" is defined as equivalent
in effectiveness to immovable lateral support. Full bracing,
or full lateral support, therefore, is that restraint which
increases the failure load of a member from that for the
unbraced mode to that corresponding to the next higher fail-
ure mode, such as attainment of full plastic moment in a
beam, or strong-axis failure in a column. For discrete
spring-type bracing, Winter concluded that to provide less
than "full support" for a member generally would be un-
economical.
Larson; in a discussion of Ref. 4, extended Winter's
analysis to shear-type lateral supporting media, including
diaphragms continuously connected to beams or columns. In
this case, the restraint is a function of the slope, or
rate of change of lateral deflection of the member, rather
than lateral deflection itself. Pincus and Fisher6 have
presented an independent analysis for beams and columns
braced by continuous shear-rigid diaphragms, and introduced
the concept of "partial lateral support" for this type of
bracing. Partial lateral support is defined as that restraint
which results in member failure at a load higher than that
for the unbraced condition, but in the same mode. For
example, a partially braced column may fail by weak-axis
buckling, but at a load which is intermediate between the
unbraced weak-axis failure load and the strong-axis failure
load, and which may be called the "increased or augmented
weak-axis buckling load". In many present forms of con-
struction, such partial restraint may be available, and if
accounted for, may result in more economical design.
In 1961, an investigation of diaphragm-braced members
was initiated at Cornell University under the direction of
Professor Gordon P. Fisher, leading to a doctoral thesis
by Pincus7 in 1963. From the general energy expression
for a beam-column, Pincus obtained a theoretical solution
to the problem of a concentrically loaded elastic column
braced by shear-resistant diaphragms symmetrically located
with respect to the centroid; that is, with a diaphragm on
each flange of the column. An approximate solution also
was obtained for the case of bracing on one flange only,
by neglecting twist of the column. Theoretical results
were compared with eight tests of double-column assemblies
3
with both symmetrical and unsymmetrical diaphragm bracing.
In addition, Pincus showed that his approach could be used
to determine the critical moment to cause lateral buckling
of a simply supported elastic beam with diaphragm bracing.
A later report by Fisher and Pincus 8 summarized the progress
to that date, and included the results of four additional
tests of double-column assemblies. Ref. 6 summarizes
Refs. 7 and 8.
The investigation reported in this present thesis
represents an extension of the work described above and
4comprises the following:
1) A solution for columns with bracing on one flange
only, including the effect of twist of the cross section,
using the same general procedure Pincus used.
2) Solutions for diaphragm-braced simply supported
beams subjected to uniform bending moment, correcting the
solutions of Pincus.
3) A corrected solution for the torsional-flexural
buckling load for centrally loaded columns symmetrically
braced by diaphragms.
4) A modification of previous results for diaphragm-
braced columns buckling into multiple half sine waves.
5) A solution for the problem of lateral buckling of
diaphragm-braced beams with ends fixed about the vertical
and longitudinal axes, and subjected to uniform bending
moment, using the Rayleigh-Ritz method.
6) A solution giving the critical buckling load for
diaphragm-braced columns with an enforced axis of rotation.
7) Consideration of the behavior of diaphragm-braced
beams and columns in the inelastic range.
Thoretical results are compared with a total of 16 tests
of concentricallY loaded double-column assemblies, and 5
tests of diaphragm-braced double-beam assemblies sUbjected
to uniform bending moment.
Notation: The symbols adopted for use in this thesis
are defined where they first appear and are listed alpha-
betically in Appendix I.
THEORY
2. ELASTIC THEORY FOR DIAPHRAGM-BRACED COLUMNS AND BEAMS
2.1 Description of Energy Methods
In Ref. 7, an energy approach was used for the theoreti-
cal investigation of diaphragm-braced beams and columns. A
solution was obtained by considering the total energy in the
system, and minimizing the integral representing the total
energy by applying the Euler-Lagrange conditions from the
calculus of variations. This procedure produces a pair of
simultaneous differential equations ~Those non-trivial solu-
tions represent solutions to the buckling problem.
In this thesis, it is shown that an alternative pro-
cedure, the Rayleigh-Ritz method, provides a more expedient
solution in some cases. This method involves integration
of the energy expression prior to its subsequent minimiza-
tion with respect to the appropriate parameters. The de-
tails of the two procedures are outlined in Section 2.5 and
2.12 of this report. Both approaches require an expression
of the total energy of the system, which will now be dis-
cussed.
Consider a pair of equally loaded identical columns
or beams continuously braced along their length by a shear
resistant diaphragm, as shown in Fig. 1. The quantities
which contribute to the total energy of the system are:




' the potential energy of the external loads, and
D, the internal strain energy in the continuously-
attached laterally-supporting diaphragm.
The total energy of the system may then be expressed as
U = V + Uw + D. (1)
A diaphragm constrained to deflect as shown in Fig. 1 is
subjected to shear; a horizontal element in the left figure
remains essentially horizontal in the deflected shape. If
twisting of the columns or beams accompanies lateral displace-
ment, the diaphragm will be subjected also to transverse bend-
ing, as shown in Fig. 2. Hence D may comprise both shear
energy and bending energy.
The energy expressions can be written in terms of dis-
placements and stiffnesses. The problem considered ini-
tially is that of a beam-column loaded eccentrically by
axially-directed forces in the plane of the web. This prob-
lem is then reduced to two extreme conditions, a column con-
centrically loaded, and a beam subjected to uniform bending
moment.
2.2 Internal Strain Energy of a Column
The internal strain energy in a bent and twisted member
in the elastic range is (from Ref. 2, p 115)
V == 1/2/
L
(EI u,,2 + EI Vli2 + ErB,,2 + GKB,2 + EAt: 2)dz (2)y x
o
where Ely is the weak-axis bending rigidity, Elx the strong-
axis bending rigidity, Er the warping rigidity, GK the tor-
sional rigidity, EA the axial load rigidity, t: the axial
7strain, and u, v and S are the displacements in the x- and
y-directions and the twist of the cross section, respectively.
Considering only the change in energy from the stable
to the unstable position, the term involving axial strain E
can be omitted from Eq. 2, and also from the other energy
expressions to be developed subsequently. Similarly, for an
ideal column, omitting the possibility of buckling about the
strong axis, the terms involving deflections v perpendicular
to the strong axis may be neglected. Eq. 2 then reduces to
V = 1/2[L (Ely u,,2 + Era,,2 + GKa,2) dz (3)
2.3 Potential Energy of the External Loads
With the assumptions made in Section 2.2 above, for the
elimination of terms involving & and v, the change in poten-
tial energy of the external loads for an eccentrically loaded








when the end loads P act at equal end-eccentricities, e, in
the plane of the web. I p is the polar moment of inertia and
A is the cross sectional area of the member.
2.4 Internal Strain Energy of a Diaphragm
The internal strain energy of the diaphragm can be
considered in two parts, one due to shear and the other due
to cross-bending. The energy due to bending of the diaphragm
8in the Y-Z plane is neglected, along with the other terms
involving the v displacement, as discussed in Section 2.2.
(a) Shear Energy
A diaphragm element of length dz subjected to shear is
shown in Fig. 3. The work done in deforming the element is
~ D
s
= 1/2 V(z) ~(z) dz (5)
where V(z) is the shear on the element and a(Z) is the rate
of change of lateral displacement of the diaphragm with
respect to z.
In the discussion of beams or columns supported by
diaphragms, it will be useful to express the shearing force
as
V(z) = Q .a(z) (6)
where Q is the shear rigidity of the diaphragm contributing
to the support of one member. Q in turn may be expressed as
(7)
where
Q = A Geff
A is the cross sectional area of the diaphragm
normal to the column or beam axis, contributing
to the support of one member,
(9)
and Geff is the effective shear modulus of the diaphragm.
Substituting Eq. 6 into Eq. 5,
~ D
s
= 1/2 Q [a(z)]2 dz (8)
Integrating over the length of the diaphragm the total shear
energy associated with ont member is
D
s
= 1/2 j Q :[a(z)]2 dz
o
Note that a(Z), the rate of change of lateral displacement in
9the plane of the diaphragm with respect to z, can be
expressed in terms of u and 8, the lateral deflection of
the centroid of the column, and the rotation of the column,
respectively.
(b) Cross-bending Energy
The strain energy due to transverse flexure of the
diaphragm between members is obtained with reference to
Fig. 2. The diaphragm as shown is sUbjected to equal and
opposite end moments. Considering a unit length of the
diaphragm, the moment at any point x along the width of the
diaphragm is
M = - 1'1
·0 (10)
(11)
where M is the end moment per unit length. Substituting
o
Eiy" = - Minto Eq. 10,
M", 2t<10 x rll 2xy" = Ei - wEi = Ef (1 - W-)
where E is the modulus of elasticity and i is the moment.









SUbstituting Eq. 12 into Eq. 11,
y" = £! (1 2x) (13)w w
From classical theory, the bending energy in a segment
of diaphragm of unit length and of width w is
ADb • fW ~i (y,,)2 dx (14)
o
SUbstituting Eq. 13 into Eq. 14 and integrating along the
10
width of the diaphragm,
(15)
Eq. 15 gives the bending energy in a segment of the diaphragm
of unit length and of width w. The total flexural energy







Thus, for a diaphragm contributing to the support of two
members, the total strain energy in the diaphragm is
D = Ds + Db = 1/2~ ~ Q [ a (z) ] 2 dz + 1/2fL Fa 2 dz (17)
0 a
2.5 Solution of Buckling Problem Using Euler...Lagpange
Conditions
Eqs. 3, 4, and 17 can be substituted into Eq. 1. The
total potential energy of the system is thus expressed as
an integral in terms of two variables: u, the lateral
deflection of the centroid of the column or beam, and 6,
the angle of twist of the cross section, both of which are
functions of the independent variable, z, the distance along
the length of the member. The first and second derivatives
of u and 8 also appear in the integral. Hence, the total
change in energy from the stable to the unstable config-
uration is expressed in the form:
U = J f (u, a, u', a', u", s", z) dz
11
In order to extremize such an integral, the Euler-Lagrange
conditions from the calculus of variations can be used.
When the function in the integral is made to satisfy these
conditions, the resulting function is either a maximum or
a minimum of the integral. 9, 10 The nature of the
present problem leads to a minimization of the integral,
and the solution which results gives the buckling load for
the system. The Euler-Lagrange conditions for the case of




d (af d 2 af
dz .au') + dz 2 (au") = 0 (18)
af d af d 2 af
ae - dz (ae') + dz 2 (ae") = 0
Application of these conditions to the total energy
expression produces two simultaneous equations in u and 8
and their derivatives. Non-trivial solutions of these two
simultaneous differential equations determine the critical
buckling loads, as will be discussed in Section 2.7.
Rather than approaching the problem on a completely
general basis, several special cases will be analyzed, and
appropriate generalizations will be made sUbsequently.
2.6 Possible Displaced Positions of Member-Diaphragm
Assemblies
In order to express a(z) correctly in terms of u and
8, it is necessary to consider the possible deflected
(19)
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positions that may be assumed by a pair of diaphragm-
braced beam-columns. Fig. 4 shows several possible
deflected positions of a cross section some distance from
the end of a pair of diaphragm-braced columns or beams.
Both symmetrical and unsymmetrical bracing location are con-
sidered. Henceforth in this paper, bracing symmetrically
located with respect to the centroid (and shear center) of
the member will be termed "symmetrical bracing". The
companion term, "unsymmetrical bracing", will be used also,
to describe, for example, bracing on one flange only.
Expressions for the lateral displacement of the diaphragm
in its own plane, and the rate of change of this displace-
ment along the length of the column or beam, are indicated
in Fig. 4. The possibilities covered in the figure are
described below.
a) Symmetrical bracing, failure by lateral deflection
with no twisting. Represents possible displaced position
for a pair of columns.
b) Symmetrical bracing, failure by lateral deflection
and twisting. Represents possible deflected shape for
columns or beams.
c) Bracing on one flange only, failure by lateral
deflection with no tWisting. Represents an idealization
of expected behavior of a column, as described in Case d,
below.
d) Bracing on one flange only, failure by lateral
deflection and twisting, with the braced flange deflecting
13
less than the unbraced flange. Represents the expected
deflected shape of a column, or a beam with diaphragm bracing
on the tension flange.
e) Bracing on one flange only, failure by lateral
deflection and twisting, with the braced flange deflecting
more than the unbraced flange. Represents the expected dis-
placement of a beam with the bracing on the compression
flange.
f) Bracing on one flange only, failure by twisting of
the columns in opposite directions, without lateral dis-
placement of the diaphragm. Represents torsional-flexural
buckling about a prescribed axis of rotation.
Case b is discussed in some detail in the following
section to illustrate the method of solution. In Section
2.8, Cases a and c will be shown to be particular solutions
of Case b. Cases d, e, and f are treated in the Appendix;
these results will be discussed in Sections 2.9 through
2.12.
2.7 Solution for Symmetrically Disposed Diaphragm Bracln~,
with Twist (Case b)
J
Fig. 4b shows the initial and the assumed deflected
shape of the cross section at some distance z from the end
of a pair of members with diaphragms on both flanges. The
members are loaded eccentrically by axially-directed
forces in the plane of the web, and are presumed to deflect
laterally and to twist. As indicated in the sketch, for
one of the diaphragms,
d d d
= dz [ u (z) + 2 ~ ] = u t + 2 at
14
(20)
and for the other diaphragm




From Eq. 9, the shear energy in the two diaphragms is
D
s





= {L(U,2 + ~a·,2) dz (23)
o
From Eq. 16, the bending energy for two diaphragms is
Db = {L~ a2 dz = f> dz (24)
o 0
Hence,
D = 1L (U,2 + ~aB2) dz + %~2 dz (25)
The total energy in the system composed of the two columns
and two diaphragms, combining Eqs. 1, 3, 4, and 25, is
U = 1/2f~ 2 (ElyU,,2 + E ra,,2 + GK: a' 2)
o I
-2P (u,2 + 2eu' at + X 13,2)
2 d2 2 2
+ 2 Q (u' + T a' ) + 2F a } dz
Application of the Euler-Lagrange conditions, Eqs. 18 and
19, to Eq. 26 yields two simultaneous differential
equations:
EI uIV + (P - Q) u" + Pe SrI = 0
Y
I . Qd 2




A solution for these equations which satisfies the boundary
conditions for simply supported columns can be obtained by
taking u and B as half sine waves of different amplitude:
U = C sin 1TZ1 T
1TZB = C2 sin L
Substitution of these values and their appropriate
derivatives into Eqs. 27 and 28 gives
(29a)
(29b)
(Pyy - P + Q) Cl - Pe C2 = 0 (30)
h2 I p 2 FL2




1Ty r = T I y ' and h is the distance betweenL2
,
the centroids of the flanges. In order to obtain a non-
trivial solution, the determinant of the coefficients of
Cl and C2 must be zero, thus
Pyy - P + Q
-Pe
-Pe




Explicit solutions are readily obtained for the two extreme
loading conditions; that iS t for the centrally loaded column
and for the beam under uniform moment. For the centrally
loaded column, e = 0, and the determinant is
2 I 2
(Pyy - P + Q)(~ Pyy - f P + GK + 2%- 2+ FL ) = 021T (33)
From Eq. 33, two solutions are obtained for P:




AP2 = I p
centrally loaded columns,
(35)
PI is the augmented weak-axis
flexural buckling load, and P2 is the increased torsional-
flexural buckling load. Eq. 34 was obtained by Larson5 from
equilibrium considerations, and by Pincus? using the method
applied here.
Similarly, for pure bending, P = 0 and Pe = M, whence,
from Eq. 32
2 Qd2





2 2 2 \
(Pyy + Q)C~ Pyy + GK +~ + F~2)
Mis the critical moment, Mcr ' for lateral buckling of a
or
beam subjected to uniform bendin~. While the diaphragms
have been taken here as separated by the full depth of the
rolled section, Eqs. 34, 35, and 36 are made equally valid
for symmetrically disposed diaphragms any distance apart
merely by sUbstituting a variable distance s in place of d/2.
(36a)Mcr = Icp +\ yy
34 through 36a reduce to the usual expressions for
Thus, in more ~eneral terms, t'li th s = d/2,
A h2 Qs2 2P2 + GK + + FL ) C35a)= I p (Lf" Pyy 1T2
and
Eqs.
unbraced beamS or columns if Q and F are set equal to zero.
For most combinations of rolled I or tiF shapes and
diaphragms, P1 will be less than P2 , and therefore will be
17
For example, if the
in Eq. 35a are neglected, and h is approx-
2A~ (Pyy + Q), and P2 willp2s, then P2 =AS 2be greater than PI if -y- > 1.
p
2.8 Relation of Case b to Cases a and c (No Twist)
the governing column buckling load.
2
terms GK and FL2~
imately equal to
Note that PI from Eq. 34 corresponds to the failure
mode represented by lateral displacement with no rotation;
that is, twisting and diaphragm flexural rigidity terms are
not involved. Therefore, Case a and Case c in Fig. 4 have
this same critical column buckling load PI' where it must
be remembered that Q is the rigidity of the diaphragm con-
tributory to~ column. For example, for one diaphragm as
in Case c, a diaphragm w in width and t in thickness would
contribute A = 1/2 w t Geff to each of the two members;
whereas for two diaphragms, as initially posed, Q = 2(1/2
w t Geff ). Cases a and c have only this one critical
buckling load, PI' since u is the only component of
deflection considered. The torsional-flexural buckling
load P2 , and the critical uniform beam moment Mcr ' do not
exist for Cases a and c, as indicated in Appendix II,
since they both are associated with twist.
2.9 Columns with Bracing on One Flan~e Only (Case d)
Normally, side wall sheathing is attached to only one
flange of a column. For this condition, the deflected con-
figuration of a cross section some distance z from the end
of the column is more properly assumed to be as shown in
Fig. 4d. Because of the restraining force offered by the
18
diaphragm, the braced flange is shown with a smaller lateral
deflection than the unbraced flange. The rate of change of
lateral displacement of the diaphra~m is then
(z) d ~ B) = u' da = - (u - - - B'dz 2
The shear strain energy stored in the sheet is again
Os = 1/2 jt [a (z) ]2 dz
o
Thus, the strain energy due to shear in the diaphragm is
r: 2 ,2d 2Ds = 1/2 Q (u' - u' B' d + B 4 ) dzo
All other energy terms remain the same as in Case b,
(9)
except that the cross-bending energy of only one diaphragm
is included.
Calculations for this case are given in Appendix II, and
ag~in lead tQ a determinant which must be equal to zero for
non-trivial solutions to exist; that is,
(P - P + Q)yy
Qd
- (Pe + 2)
-(Pe + Qd)
2
h2 In Qd2 FL2(If Pyy - f P+GK+~ + = 0211'2
(38)
Though less tractable than Eq. 32, this determinant can
be solved for the two critical buckling loads of a
centrally loaded column (e = 0) as
J (a b + c)2 \P (a b + c) + - 4b (a c - f) (39)= = 2b
where
19
h2 2 FL2+ GK + Qd +c = (If Pyy --r '2)2'11'
and
f = (Qd)22
The smaller of the two values of P determines the true
critical buckling load.
In Section 5.2 of this thesis, Eq. 39 above, which
accounts for twist of the column, will be compared with Eq.
34, which is valid only for no twisting. For the present,
it should be noted that the lesser of the two buckling loads
from Eq. 39 is somewhat smaller than P = Pyy + Q. That is,
the deflected position assumed in Fig. 4d considering twist
gives a lower critical load than that of Fig. 4c neglecting
twist.
Eq. 39 also can be put in more general form by defining
s as the distance from the centroid of the column to the
diaphragm bracing, and replacing d/2 by s as in Section 2.7.
The resulting expressicmis then the general solution for
the critical buckling load of a centrally loaded column
with a single diaphragm located at any distance s from the
centroid of the column. For example, if a diaphragm is
attached to the columns at the centroids, then s = 0,
h2 2c = (4 P + OK + EL) and f = 0,yy 2'11'2
with a and b remaining as before. Eq. 39 becomes
P = (a b + c) ± j (a b + c)2 - 4 abc
2b
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Expanding the term in the radical gives
(ab)2 + 2abc + c2 _ 4abc = (ab)2 - 2abc + c 2 = (ab _ c)2
Thus, the critical loads are




2abPI = ~ = a = Pyy + Q (39a)
2 A h2 FL2
P2 = 2~ = ~ = r; (Lr Pyy + GK + 2n2 ) (39b)
These two results are identical to Eqs. 34 and 35a, with
s = 0 in Eq. 35a, and only one sheet contributing to the
flexural rigidity instead of two.
The above results indicate that for a single diaphragm
attached at the centroid of the columns, failure occurs
without twisting if PI is less than P2 in Eqs. 39a and 39b.
Furthermore, this is theoretically the most efficient
location for a single diaphragm.
If the configuration of 4d is considered for a
uniformly bent beam, then with P = 0 and Pe = M, one
obtains directly from Eq. 38,
I h2 Qd2 FL2 \ QdHcr = \: (Pyy + Q)( T Pyy + GK + -rr + 2 1T 2 ) - 2" ( 40)
Note, however, that this must be the critical moment for
lateral buckling of a beam with the diaphragm on the
tension flange, because for beams, it is the compression
flange which experiences the ereater lateral motion in
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lateral buckling. Mathematical corroboration of this
reasoning is given in the next section, and in Appendix II.
2.10 Beams with Diaphragm Bracing on Compression Flange
(Case e)
Fig. 4e shows the assumed deflected position for a
pair of uniformly bent beams with diaphragm bracing on the
compression flange only. The lateral slope of the
diaphragm is
d d d
a (z) = dz ( u + 2 B ) = u' + 2 Bf
The strain energy due to shear in the diaphragm is
Ds ~ ~~ [u,2 + u' B' d + ~ B,2 ] dz
Again, all other energy terms remain the same as in Case
b, except that the cross-bending energy of only one
diaphragm is included.
(41)
Calculations for this case, given in Appendix II, lead
to the following differential equations:
Ely u IV + (P - Q) u" + (Pe - ~d) 13" = 0
Od IV I p Qd2(Pe - 2) utI + ErB + (P A - GK - ,-) 13" + F 13 = 0
The critical moment at which lateral buckling occurs for




This differs from Eq. 40 only by the
FL
2 ) + Qd
21T2 2
sign of the last
(42)
term,
but produces a much higher value of Mcr for any substantial
values of Q. Again, the term d/2 can be replaced by sand
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interpreted more generally as the distance from the
centroid of the beam to the diaphra~ location, taken as
positive if the diaphragm is on the compression side of the
beam, and negative if on the tension side of the beam.
Then Eq. 40 is readily shown to be equivalent to Eq. 42.
Hith this sign convention for s, Eqs. 39 and 42 are completely
general for single diaphragm bracing.
The sign convention described above follows naturally
from the mathematics. Only two displacement terms, eu'e' and
utetd, in the energy expression (Eq. 26e in Appendix II) are
not squared, and thus the sign of these terms retains its
significance. If a consistent convention is adopted for u
and e, then e and d (or s) must be measured positive in the
same direction, which is the same as saying that s is positive
on the compression side of the beam.
2.11 Column Buckling without Lateral Displacement of the
Diaphra~m (Case f)
Another possible deflected position for a cross section
a distance z from the end of a pair of columns is that shown
in Fig. 4f. For this assumed deflected configuration, a(z)
is zero (neglecting third order terms), there is no shear
energy in the diaphragm, and D consists solely of the
flexural energy. Complete calculations are ~iven in
Appendix II, including an alternate expression for the
flexural stiffness, F, for the case of single curvature of
the sheet, rather than the double curvature which applied to
all previous cases. The calculations are summarized below.
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For single curvature of the diaphragm between columns,
F = 4Ei
w
Assuming that the columns buckle in a half sine wave; that
is,
B = C sin!!3.2 L
one obtains as the critical load on a column eccentrically
loaded in the plane of the web,
2E1 (s2 + h2 FL2P = n Y + GK +2 L2 -rr) 2n2
I p
(44)
(s2 + 2es + -)A
where s is the distance of the diaphragm from the shear center
and e is the eccentricity of the applied end load.
For this particular case, if buckling is assumed in the
form of multiple half sine waves,
B = C sin mnZ2 2 r:;-




m nEI~ (s2 + + GK +=
-zr)
L2 2m2 i (44a)
(s2 + 2es + Ip/A)
The value of m which gives the minimum buckling load is seen
to be dependent on the relative magnitudes of the flexural
stiffness of the column and the cross-bending rigidity of
the diaphragm.
This problem of torsional buckling with prescribed
axes of rotation has been investigated by Bleichll , Kappus 12 ,
Lundquist and Fligg13 , GOOdier14 , Vlasov15 and others, and
the results summarized by Bleich2 and Timoshenko and Gere 16
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Eq. 44a reduces to the solution presented by Bleich for
centrally loaded I-sections with no flexural rigidity of
the diaphragm, and that recorded by Timoshenko and Gere for
a column loaded through, and restrained at, the shear center.
Recently Pincus has discussed the buckling of channel purlins
with enforced axis of rotationl7 •
Columns with an enforced axis of rotation, as in Case
f, are capable of carrying a higher load than columns not
constrained in this manner. This suggests an interesting
possibility: If one member of a system of diaphragm-braced
columns (or beams) has an enforced axis ·of rotation, and the
other members are connected to this axis by a relatively
inextensible diaphragm, then all of the members may behave
as if they have an enforced axis of rotation, leading to
increased carrying capacity for all of the members.
2.12 Diaphragm-Braced Beams with Ends Fixed Against Lateral
Displacement -- The Rayleigh-Ritz Method
The discussion thus far has considered columns or
beams whose ends were fixed against rotation about the
longitudinal or Z-axis, but were free to rotate about the
X- and Y-axis. This condition corresponds, for example,
to that of a simply supported beam. Another case now con-
sidered is that of beams or columns with their ends fixed
against rotation about the Z- and Y-axis, but free to rotate
about the X-axis. For simplicity, this condition will be
referred to as fixed against lateral or weak-axis displace-
ment. An assumed deflected shape for such a pair cf beams
(4la)
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with diaphragm bracing on the compression flange is shown in
Fig. 5.
The procedure described in the earlier sections of
this thesis, using the Euler-Lagrange conditions for an
extremum, can be applied to this problem also, resulting in
the same simultaneous differential equations as for Case e
(Eqs. 4la and 4lb), since no reference to deflected shape or
end conditions was made in the analysis up to that point.
These equations are
IV QdEly u + (P - Q) u" + (Pe - 2") 8" = 0
I Qd2(Pe - ~) u" + Er8 IV + (P -f - GK -,-) en + F S :II 0 (4lb)
For Case e in Section 2.10 above, the solution of these
differential equations was obtained by assuming that u and
e were both sine functions. For the deflected shape of
Fig. 5, however, a reasonable assumption is
u = C (1 _ 2 'TI'z)1 cos L (45)
and C (1 2'T1'Z)e = 2 - cos L (46)
These assumed values of the displacements do not satisfy
the above differential equations, however, because the FS
term in Eq. 4lb reduces to a residual cosine term. As an
alternate to an att~mpt at a direct solution of the
governing simultaneous differential equations, the
Rayleigh-Ritz method can be used to obtain an approximate
solution. Using this method, the assumed values of u and
8 are substituted directly into the expression for total
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change in energy from the stable to the unstable condition
prior to, rather than after, integration. The total change
in energy is
L
U = 1I2!12(E\ u,,2 + Era,,2 + GK a· 2)
0 2 1
- 2P (u' + 2 eu' 6' + :£ 8,2)A
+ 2~ (u,2 + u'6'd + ~ 6,2) + F82 } dz, (47)
which is the same as Eq. 26e in Appendix II. Substituting
values of u and 8 from Eqs. 45 and 46 into Eq. 47, and
integrating this expression over the full length of the
beam, one obtains
2 2
J =~ (P C 2 + h P C 2 + GK C 2L yy 1 If yy 2 2
2 PIp 2
PC l - 2Pe Cl C2 - -X- C2
(48)
where once again,
and for the fixed end ~ondition
P =yy
4 2 EI1T . Y
L2
According to the Rayleigh-Ritz method, this energy should












(50a)( Pyy - P + Q) c1 - (Pe - ~d) C2 = a
- (Pe - Qf) C1 + (~ Pyy + OK - r I p + Q~2 + 3~~~) C2 = 0
For a non-trivial solution of the problem, the determinant
of the coefficients of Cl and C2 in these simultaneous
equations must be equal to zero. Hence,
(Pyy - P + Q)
_ (Pe _ Qd)
2
- (Pe
h 2 p(If Pyr +GK - Alp+
= a
(51)
For the case of beams subjected to pure moment, P = 0, and
Pe = M, one obtains readily from Sq. 51,
Mcr = J(Pyy + Q)(~ Pyy + OK + sf- + J:~~)\ + Qf (52)
For centrally loaded diaphragm-braced columns, the assumed
deflection configuration, Fig. 5c, is not appropriate, and
that of Fig. 4d should be used. With t,is change, a
similar analysis can be made for a cent?ally loaded column
with ends fixed against rotation about the z and y axis.
This is done in Appendix III; and for the increased
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weak-axis buckling load of a fixed-ended diaphravrn-braced
centrally loaded column one obtains the same expression for
h2
c = (T Pyy + OK
P as given by Eq. 39, where
and all other terms are as defined with Eq. 39.
2.13 Comparison and Discussion of the Alternative Methods
of Solution
Two alternative methods of solution have been applied
to determine the increased weak-axis buckling load of
diaphragm-braced COlumns, and the critical moment for
lateral buckling of diaphra~m-braced beams under pure
moment. In the first method of solution, using the Euler-
Lagrange conditions for an extremum, differentiation is
performed on the function under the energy integral, leading
to two simultaneous differential equations. For beams or
columns with simply supported ends, a solution for these
differential equations was readily obtained.
For beams or columns with fixed ends, the differential
equations are not solved as easily. Hence, the Rayleigh-
Ritz method was applied. In this method, the integration
of the energy integral was performed first, assuming a
deflected shape of the structure, and then the conditions
required to achieve an extremum were applied.
The first method has the advantage of producing the
differential equations which govern the problem, in rather
29
simple fashion. The second method has the advantage of being
more general, in that it can be applied even when the
differential equations which govern the problem cannot be
readily solved. In Appendix III, Case d of Fig. 4 with
simply supported ends is solved using the second method to
provide a comparison with the solution using the first
method in Appendix II. The results, of course, are identical.
The foregoing theory was developed by considering a
diaphra~braced beam-column eccentrically loaded in the
plane of the web, and later reducing this rather general
problem to the two particular cases of immediate interest,
that is, centrally loaded columns, and beams under pure
moment. These two cases could have been investigated
directly and independently, but it is felt that the more
general approach is more useful. For example, for a given
eccentricity of loading, and given properties of the
structure under consideration, the determinant from Eq.
32 can be readily solved to obtain the solution of the
beam-column problem.
In each of the special cases considered in this section,
only two beams or columns and the connected diaphragm were
considered. If the system comprises more than two
members, then the shear and cross-bending energies of the
diaphragm must be properly accounted for. The diaphragm
rigidity Q was handled as that portion of the total which is
contributory to the support of each member separately. The
cross-bending energy, on the other hand, was taken as the
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aggregate for the system, but was calculated on the basis of
a single span between two members.
For more than two members, the problem is more complex,
and further study is required, but approximate solutions
which neglect the cross-bending rigidity of the diaphragm
can be obtained. For the case of more than two equally
loaded and equally spaced identical members, one can assume
that the system will fail as a unit, an assumption justified
by the relative inextensibility of the diaphragms. For n
members with single diaphragm bracing there will be n-l
diaphragm panels. The appropriate value of Q contributory
to each member thus would be
n-l:n- w t Geff •
For the more general case of several members, unequally
spaced or unequally loaded, a reasonable approach would be
to select the member or members which may be critical,
compute Q appropriate to each of those members, and the
correspondin~ critical loads. To determine Q, the effective
width of diaphragm should be limited to half the distance
to the adjacent column or beam on each side of the member
considered. The cross-bendin~ energy of the diaphragm again
would be neglected.
This suggestion for how the total diaphragm support may
be shared among several members is largely intuitive and
remains to be verified.
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2.14 Discussion of Higher Buckling Modes
Consider the classical problem of a bar on an elastic
foundation, for which the foundation reaction is propor-
tional to the bar deflection. That is, the reaction force
f = ky, where k is the modulus of the foundation, and has
the dimensions of force per unit lenGth per unit displace-
ment, or force divided by the square of a length. The
critical load for such a bar is given in Reference 16,
page 96 as
2 4
p = 1T EI (m2 + 1';L ) (53)cr L2 2 4m 1T EI
where m is an integer which represents the number of half
sine waves into which the bar buckles, and all other terms
are as previously defined. It is well known that for very
flexible foundations with low values of the modulus k, the
lowest value of Per occurs with m = 1, indicating that the
bar buckles into a single half sine curve. For foundations
that are very stiff in comparison with the bar stiffness,
the critical buckling load occurs at higher values of m.
The following discussion will demonstrate that for a
shear-type support as considered in earlier sections of this
report (where the restoring force depends on rate of change
of displacement rather than displacement itself) buckling
of a simply supported, centrally loaded column with
symmetrical bracing always occurs in a single half sine wave,
independent of the shear rigidity of the supporting
diaphragm.
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For a centrally loaded column ~\Tith symmetrical
diaphragm bracing, where failure involves only the lateral
displacement, u, (Case a), the energy expressions
V = 1/2[EIy u,,2 dz =E~y/Lu"2 dz
U
w
= -l/~fLPu' 2 dz = _ ~lLu .2 dz
o 0
D = 1/2J: Q U t 2 dz = Q/2!: u t 2 dz
o 0
For multiple half-sine waves,







Integrating, and equating the external and internal work,
one obtains
or
Uw = V + D






P = m '11' Ely + Q
cr L2 (60)
Thus, the lowest value of Pcr always is obtained for m = 1,
regardless of the relative stiffness of the column and
diaphragm. Reverting to Eq. 55 and 56, it may be observed
directly that the terms involving P and Q are similar
except for sign. Hence Pcr alvays will be equal to Q plus
a term obtained from the expression for ener~y in the
column, which is a minimum for m = 1.
The above result was obtained for a simply supported
centrally loaded column with symmetrical diaphragm bracing,
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where failure involved lateral displacement only. If twist-
ing is involved in the failure, then the number of half sine
waves depends on the relative ma~nitude of the flexural
rigidity of the column, the shear risidity of the diaphragm,
and the cross-bending ri~idity of the diaphragm. For
example, in the solutio~ for Case f in Section 2.11, where
the shear rigidity of t~e diaphragm does not enter the
calculations, the numbe~ of half sine waves was shown to
depend on the relative nagnituae of the flexural rigidity of
the column and the cros3-bendiLg rigidity of the diaphragm.
2.15 Consideration of Displacements in the Y-direction.
In Section 2.2 it was stated that for simplicity, the
deflections v perpendicular to the strong axis of the
column would be omitted from the ener~y expressions. This,
in effect, eliminated stron~-axis bucklin~ as a possible
failure mode. It can be shown that neglecting v does not
affect the other failure modes, so ~ong as the discussion is
limited to small deflections, for which the energy
expressions are valid. (Later it will be seen that the
small deflecti)n assumption also is reasonable for diaphragm-
braced members.) In Appendix III a solution is presented for
a simply-supported, centrally loaded column with diaphragm
bracing on one flange only, considerin~ the v deflections.
The calculat:ons lead to the following determinant which
must be equal to zero for non-trivial solutions:
(Pyy - P + Q) o





A I p --rr ~ (61)
'IT
0 0 (Pxx - P)
From Eq. 61,
P Qd 2 + FL2 )(pA I p + -q- 2 xx - P)
'IT




2 2q d (P
---zr- xx
one solution of which is




is the strong-axis buckling load of one column.
The remaining two solutions are as previously obtained in
Section 2.9. Therefore it is seen that for small
deflections the strong-axis buckling load is not coupled
with the other failure modes, and its omission does not
affect the solution.
3. INELASTIC THEORY
The theoretical discussion has thus far been confined
to elastic behavior of the columns or beams and the diaphragm
bracing. For centrally loaded columns with symmetrical dia-
phragm bracing, the critical buckling load was determined as
p = p + Q. (34)yy
That is, the predicted failure load is simply the sum of
the weak-axis failure load of the column, P ,and the effec-yy
tive shear rigidity of the diaphragm contributory to each
(63)+ Q.
writ";en as
2EIP = 1f Y
L2
This can becolumn, Q.
If the diaphragm bracing continues to behave elastically when
the column enters the inelastic range, the only thing that
changes in Eq. 63 is the value of Ely' the weak-axis bending
rigidity. The buckling load of an unbraced inelastic hot-
rolled steel column about its weak axis can be computed from
the expression,
*where Et
2 *1f Et I y
Pyy = L2
(IY)el
= E I ,the effective modulus for weak
y
axis buckling
(Iy)el = the moment of inertia of the elastic
(64)
portion of the cross section about the
weak axis, and
the moment of inertia of the entire cross
section about the weak axis.
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*The asterisk in Et serves to emphasize that the problem is
one of inelastic buckling about the weak axis. Thus, a pre-
diction of the critical load on a centrally loaded column
(65)
2 *1T Et IP = Y + Q < P
L2 - xx
with symmetrical diaphragm bracing covering both elastic and
inelastic domains is
It should be recalled that the assumptions made in this extra-
polotion necessarily include all those made in the elastic
analysis, particularly the existence of an ideal column which
remains perfectly straight until buckling occurs. In addition,
Eq. 65 also assumes that the behavior of the diaphragm brac-
ing remains elastic until failure.
For unsymmetrically braced columns, a prediction of the
failure load of an ideal centrally loaded member can be ob-
tained by substituting inelastic values into Eq. 39 as
appropriate.
An expression for predicting the critical moment for
lateral buckling of diaphragm-braced beams under uniform
moment in the inelastic range can be likewise obtained. For




+ GK + Qd + FL )(P + Q) + Qd
-r 21T2 yy 2=1'1cr
appropriate elastic~.;;::....:...:..~-~----:~----:::;------.
h 2(q- Pyy
Once again, assuming an ideal beam, and also that the diaphragm
continues to behave elastically when the beam is inelastic,
appropriate reduced values of Ef, GK, and Pyy can be used in
Eq. 42 to determine the critical buckling moment. This
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concept has been used previously by Galambos18 for beams
without diaphragm bracing.
Actual techniques for determining the critical loads
in the inelastic range are discussed more fUlly in Sections
5.2 and 6.2.
TESTS
For corroboration of the theoretical expressions ob-
tained in Sections 2 and 3, tests were conducted on a total
of 16 double-column assemblies with diaphragms on one or
both flanges, and five double-beam assemblies under flexural
loading with diaphragm bracing on the compression flange only.
Sketches of the test assemblies are shown in Figs. 14 and 25,
and the tests are described in Sections 5 and 6. Preliminary
determination of the mechanical properties of the hot-rolled
steel shapes and cold-formed diaphragms used in the double-
column and double-beam flexure assemblies is described in
Section 4.
4. DETERMINATION OF MATERIAL PROPERTIES
4.1 Diaphragm Rigidity: Double-Beam Shear Tests
The distinguishing feature of the diaphragm bracing
discussed in this report is that the increased buckling loads
are a function of the shear deformation and the shear rigid-
ity of the bracing, rather than the deflection and stiffness
of an elastic spring, or Winkler, support. The effective
shear rigidity of the diaphragm, Q has been defined as
Q = AGeff (7)
where A is the cross sectional area of diaphraem (normal to
the column or beam axis) contributing to the support of one
member and Geff is the effective shear modulus of the
diaphragm for ~iven width, thickness, corrugation form, and
connector details. \vork is currently under way in an associa-
ted research project at Cornell toward developing a theoretical
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method for determining Geff and Q, but at present, experimental
methods must be used. As indicated in the above definition,
the effective shear modulus appears to be a function of the
width, thickness and cross sectional shape of the diaphragm,
as well as the type, number and location of fasteners used
in connecting the diaphragm to the edge members. In this
investigation, double-beam shear tests as developed by Fisher
and Pincus6 and shown in Figs. 6 and 7 were used to determine
Geff and Q experimentally. The shear rigidity of a given
diaphragm can be obtained from the double-beam shear tests





and 6 are the applied end moments and midspan deflec-
tion of the beams, respectively. Geff is then obtained from
Eq. 7. Table 1 contains the pertinent results from tests of
26 and 24 gage plenum form cross-corrugated steel diaphragm
material, and 0.024 x 1 1/4" aluminum cross-corrugated dia-
phragm material. These test results are shown in Fig. 8 where
Geff is plotted against the fastener spacing in number of
corrugations, N. The corrugations of the plenum material are
1/2-inch deep, with a pitch of 1 5/8". The diaphragms were
attached to the rolled shapes with 1/4-inch Pow-R-Set pins
at the junction of the flange and web, in the valley of the
sheet.
The 26 and 24 gage plenum material has a nominal thickness
of .0179 and .0239 inches, respectively. The measured th1ck-
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nesses of the material used for the double-beam shear tests
were quite close to the nominal values, and thicknesses of
0.018 and 0.024 were used in the calculations. Fig. 8 indi-
cates that Geff is practically independent of thickness with-
in this range. The figure also shows the strong influence
of the fastener spacing, N, and the diaphragm width, w, on
the effective shear modulus. For the 26 gage plenum form
steel diaphragms used in most of the tests reported herein,
the effective shear modulus can be approximated by the empiri-
cal expression19
G = 26 (1)1.74 w 1.43
eff N (67)
for N between 2 and 8. The coefficient .in Eq. 67 is an un-
known combination of such factors as the gage of the material,
Young's modulus E, and a shape factor related to the corruga-
tion configuration.
4.2 Residual Stress Measurements
Residual stress measurements were made on the 4I7.7
sections used in the main column test program, and the 8 Jr
6.5 sections used in the main beam test program. Both shapes
were A-441 low alloy high strength steel. The method of
sectioning20 was used to determine the residual stresses;
readings were made with a 10-inch Whittemore gage. Pincus
had determined rather unusual residual stress patterns for
the 4 I 7.7 sections in his tests 7 . An additional test
conducted as part of this investigation gave quite similar
results, as shown in Fig. 9. Maximum residual stresses of
9 ksi compression in the flange and 8 ksi tension 1n the web
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were recorded.
Residual stress measurements made on the 8 Jr 6.5 sec-
tions gave consistent and smooth residual stress patterns,
as indicated in Figs. 10 and 11. The stresses are shown in
two parts, those that were observed when the II-inch section
was freed from a longer length, and the total measured resid-
ual stresses upon final sectioning of the member into strips.
It will be noted that the flanges of the 8 Jr 6.5 sections
are in residual tension, and the webs are mostly in residual
compression, with maximum measured values of 20 ksi tension
in the flanges, and 20 ksi compression in thewebs~ This is in
contrast to most rolled shapes which usually have some resid-
ual compressive stresses in the flanges, particularly in the
flange tips.2l
4.3 Stub Column Tests
Stub column tests were made by Pincus on the 4 I 7.7
sections, and by the present investigator on the 8 Jr 6.5
sections. The dimensions of the 8 Jr 6.5 sections are such
that the recommendations for stub column tests 22 regarding
requirements to avoid local buckling and end effects cannot
be satisfied simultaneously. If this shape is tested in the
usual manner, premature buckling of the slender web occurs.
To avoid this, an arrangement as shown in Fig. 13 was used.
The test section, with waterproofed resistance strain gages
in place, was well greased and then placed within a steel
tube formed by welding two channels toe to toe. Hydrostone,
often used as a capping material for concrete test cylinders,
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was poured between the test piece and the steel channels, and
allowed to harden. The test piece protruded from the steel
tube 1/4 inch at each end. A similar arrangement, developed
at Cornell, is often used for compression tests of light-
gage steel sections when the basic compressive properties of
the material, rather than the buckling properties of the sec-
tion, are under investigation. Typical results of stub column
tests of 8 Jr 6.5 sections without and with Hydrostone encase-
ment are shown in Figs. 12 and 13. An elastic limit of about
45 ksi is indicated for the section with hydrostone encase-
ment. For the 4 I 7.7 sections, Pincus obtained an elastic
limit of 36.5 ksi.
4.4 Tension Coupon Tests
Tension coupon tests were made on the 4 I 7.7 sections
by Pincus, and on the 8 Jr 6.5 sections as part of the present
investigation. The latter results, together with the mill
reports and chemical analyses, are given in Table 2. The
4-inch and 8-inch shapes showed average yield points of 50.6
ksi and 53.9 ksi, respectively.
5. COLUMN TESTS
5.1 Description of Tests
To corroborate the theoretical predictions of the carry-
ing capacity of centrally loaded columns, Pincus performed
tests on twelve double-column specimens like that shown in
Fig. 14 with both symmetrical and unsymmetrical diaphragm
bracing. Four additional tests (CIQ, CMM-l, CMM-2 and CGG)
with bracing on one flange on17 were performed by the writer
and are reported herein. All ~est assemblies consisted of
two equally loaded columns, w~th diaphragms on one or both
flanges of the columns, and with corrugations perpendicular
to the column axis. The dia~hragm was attached to the columns
with 1/4-inch power driven pjns at a selected spacing, as
described in Section 4.1. Atl columns were 4 I 7.7 A-44l
low alloy high strength stee: rolled sections delivered from
the same heat of steel. Tests were made with L/ry ratios of
from 280 to 50. Aluminum dia?hragm material was used for
one column test; 26 gage plenun form cross corrugated steel
diaphragm material was used fo~ all other tests.
The assemblies were tested in a 300-kip capacity universal
hydraulic testing machine. The columns were individually
supported on knife edges parallel to the web. The lower knife
edges each rested on a 100-kip capacity hydraulic jack con-
nected to a common supply; thus the same load was applied to
each column throughout the test, unaffected by minor varia-
tions in the individual length of the two columns. The total
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applied load was measured by the weighing system of the
testing machine.
A minimum of eight dial gages reading to 0.001 inch
were used in each test to measure the column deflections,
as shown in Fig. 14. One gage at the top head of the test
rixture measured movement of the upper knire-edge supports.
Six gages, three on each column at mid-height and quarter
points, read derlections in the weak direction. Another dial
gage at midheight measured deflection in the strong direction.
In later tests, seven additional dial gages were used. These
permitted measurement of the weak-direction motion of each
flange, thus indicating any column rotation. Midheight
deflections of the columns in the strong direction also were
measured individually.
A total or eight electrical resistance strain gages were
located at midheight of the columns on the inside edge of
each flange. These gages gave an indication of the strong-
and weak-axis eccentricity as well as stress level. Sixteen
additional gages were used in the first four tests, four on
each column on the inside edge of each flange, at the quarter
points.
A su~table centering procedure developed in connection
with these tests was used in an effort to obtain concentricity
of loading on each cOlumn6• The centering procedure was re-
peated at increasingly higher loads up to about 2/3 of the
elastic load or calculated failure load, whichever was smaller.
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Two modifications were made in the test setup for the
last four column tests. First, a device was used to support
the upper head of the testing machine against the columns
of the testing machine, thus reducing the lateral motion
of the upper head which occurred in the earlier tests. It
was thought that the shearing force due to lateral motion
of the upper head, superposed on the shear in the columns due
to the action of the diaphragms, may have induced premature
failure in the column tests. Second, the dial gages were
supported by an independent framing system, rather than by
the testing machine frame. Neither of these changes appeared
to alter the test results significantly.
5.2 Predicted Failure Loads for Columns
(a) Elastic Columns
The test assemblies described in Section 5.1 conform to
the assemblies analyzed as Cases band d in Sections 2.7 and
2.9 for symmetrical and uns~mmetrical bracing, respectively.
Therefore, for columns in the elastic range with bracing on
both flanges, the predicted tailure load is given by Eq. 34,
P =P + Qpred yy (34)
For bracing on one flange onl!, the more complex expression
which includes the effect of twist, Eq. 39 can be used. As
an alternate, Eq. 34 can be used to give an estimate of the
critical load for unsymmetrically braced columns, neglecting
the effect of twist.
46
(b) Effective Diaphragm Rigidity
One additional step is necessary before Eq. 34 can be
applied to the assemblies tested. The theoretical deriva-
tion assumed that the diaphragm bracing extended over the
full length of the column. In practice, the diaphragm is
terminated short of the ends of the column. Assuming a
sinusoidal deflection of the column, Pincus developed a
method to account for the unbraced lengths of the column,
and also to account for two different diaphragm rigidities
along the length of the column. Referring to Fig. 15, the
effective diaphragm rigidity was expressed by Pincus7 as
(68)
where Ql and Q2 are the diaphragm rigidities over the lengths
Ll and L2 , respectively, and Kl and K2 are coefficients
depending on the unbraced length ria", and Ll and L2 • The
coefficients Kl and K2 are plotted in Fig. 16, as taken from
Reference 8.
(c) Columns with Twist, Cross-bending Rigidity of the Diaphragm
An additional consideration must be made before Zq. 39
can be applied to actual members; this involves the cross-
bending rigidity of the diaphragm, expressed as F in the
theoretical discussion, and for Cases band d, determined as
F = 12 Ei (16a)
w
The above expression assumes a perfectly rigid moment conne~-
tion between the column and the diaphragm; that Is, the angle
of rotation, B, is the same at any section z for the column
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and for the diaphragm. If this assumption were true, F could
be readily calculated from Eq. l6a. In the present tests,
the diaphragm is connected to the columns by pins at some
assigned spacing,and it is likely that the full flexural
rigidity of the sheet is not developed. In Fig. 17, Eq. 39
is compared with Eq. 34 for three values of L/ry , and for
assumed values of H equal to zero and to one-third the





It can be seen from the figure for L/ry = 280 that for speci-
mens of the dimensions tested, an effective diaphragm cross-
bending rigidity of one-third the theoretical value gives
predicted failure loads nearly equal to Eq. 34 for the case
of no twist. On this basis, all predicted loads for columns
with diaphragms on one or both flanges are calculated using
Eq. 34. This procedure errs on the unconservative side for
columns with diaphragms on one flange only, the more so for
greater spacing of pins and greater spacing between columns.
(d) Inelastic Columns
For columns with loads above the elastic limit, predicted
failure loads can be obtained using the approach suggested in
Section 4, utilizing Eq. 65:
2 *n Et I yp d = 2 + Q -< Pxxpre L
*The problem here is a suitable determination of Et ' the
effective modulus for weak-axis buckling. A brief discussion
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of inelastic buckling of steel columns follows.
If there were no residual Btresaes in the 4"r 7.7
column sections, then it would be reasonable to assume that
the modulus of elasticity would retain its initial value
until the yield point of the material was reached, after
which its value would become zero. Due to the presence of
residual stresses, however, the reduction of the modulus from
its initial elastic value to zero is a gradual one; the value
at any given stress level, as determined from the slope of
the effective stress-strain diagram of the entire cross sec-
tion, is called the tangent modulus, Eto It is convenient
to define a parameter T as the ratio of the tangent modulus
to the initial modulus of elasticity; that is, T = Et/E,
hence T is unity in the elastic range and gradually decreases
as the average stress increases above the elastic limit. The
usual method of determining Et is to measure it directly from
the stress-strain diagram obtained from stub column tests.
It should be noted that this approach records only the magni-
tude of the compressive residual stresses, and does not
adequately consider the residual stress distribution.
The usual residual stress pattern found in the flanges
of H-sections can be approximated reasonably by a triangular
distribution23 ,24 having maximum compression stresses at the
flange tips, and tension stresses at the junction of the
flange and web. Using this idealized flange stress distribu-
tion, and neglecting the web, it can be shown that the critical





With the same assumptions, the critical stress for buckling
of a wide flange section about its weak axis can be shown to
be approximately
(70)
residual stress distributions, but it is
strain curve in the
*and Et for various
* (ly)el
and Et = I E.y
form and symmetrical
* 3 *where Et = T E. Note that this relationship between Et
and E is for the particular triangular distribution of residual
stresses described above, which differs considerably from the
residual stress patterns measured in the 4 I 7.7 sections.
*A second method of determining Et or Et is to measure
the residual stresses directly, and assuming an ideal stress-
absence of residual stresses, compute EtA
levels of applied stress, using Et = ~l E
This method is suitable for fairly uni-
difficult to use for unsymmetrical residual stresses, and un-
satisfactory for residual stresses which vary considerably
in magnitude and pattern along the length of the member. There-
fore it was not deemed suitable for the 4 I 7.7 sections used
in this investigation.
Bleich2 suggested the following expression for ~he criti-
cal buckling stress in the inelastic range, based only on
three characteristics of the material, E, 0p' and or.
° 2
ocr = 0y - :E- (0 - ° )(kL)11'2 E Y P r
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(71)
where 0p is the proportional limit stress. Eq. 71 agrees
closely with Eq. 69 which was developed for strong-axis
buckling. Also, the Column Research Counci124 has suggested
a compromise expression for the critical stress in an in-
elastic column, which can be used for buckling about either
axis, and which gives predicted critical stresses between
those of Eqs. 69 and 70 for a given value of slenderness ratio.
The CRC expression
° -y (71a)
is obtained from Eq. 70 by assuming 0p = 1/2 0y' This value
of 0p was chosen lower than the normally expected value so
that it would provide a reasonable compromise between Eqs.
69 and 70.
Eq. 7la gives satisfactory results for H-sections of A7
or A36 steel. However, the 4 I 7.7 sections of A44l steel
used in this investigation have a higher yield point and
different residual stress pattern than the members which
provided the basis for development of Eq. 7la. Hence it
seems more appropriate here to use an expression based on
the yield stress and proportional limit stress obtained from
actual stub column tests. Therefore, in this thesis, ocr
for both strong-axis and weak-axis buckling is obtained from
Eq. 71, using 0y = 50.6 ksi and 0p = 36.5 ksi as measured in
the stub column tests, with no arbitrary reduction of 0p' On
*this basis, values of Et (and Et which is assumed equal to
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Et ) have been computed and are plotted against P in Fig. 17a
for the 4 1 7.7 section. This graph is convenient for use
*with Eq. 65. Since Ppred and Et in Eq. 65 are interdepen-
dent, successive trial values of P can be assumed, taking
*Et from Fig. 17a, until Eq. 65 is satisfied. Calculation
of Pxx is straightforward, using
(72)
with ocr from Eq. 71.
5.3 Column Test Results
The first 12 tests of double-column assemblies with
diaphragm bracing were reported in Refs. 7 and 8. Detailed
information on those 12 plus the four additional column
tests is given in Table 3. Graphs of column load versus
lateral deflection for each of the last four tests appear
in Figs. 18 through 21. In addition, all of the test re-
sults are summarized in Table 4, together with the predicted
failure loads.
Final failure of the double-column assemblies always
was accompanied by tearing of the diaphragm and popping of
the heads of the power-driven pins. A photograph of a
double column assembly before and after test is shown in
Fig. 24.
5.4 Discussion of Column Test Results
The column test results are compared with predicted
values from Eqs. 34 and 65 in Fig. 23. The comparison is
satisfactory in the elastic range, and in the inelastic
range for values of Q of 80 or less. For high values of Q,
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Eq. 65 predicts failure about the strong axis of the indi-
vidual column, but test observations indicate failure about
the weak axis at somewhat lower loads than predicted. At
least three possible reasons can be given for this difficulty:
(1) Eq. 65 was developed assuming that the rigidity
of the diaphragm bracing .retains its initial elastic value
until failure. This may not be true at very high loads,
especially in the Vicinity of connections.
(2) It was assumed that the deflected shape at failure
would be a half sine wave, and this assumption satisfied the
differential equations and the boundary conditions for the
elastic structure. Lateral deflection measurements show
that for high loads, the deflected shape deviates from the
assumption, and probably requires a lower energy level than
the assumed failure mode.
(3) The theoretical derivation further assumed ideal
columns. Actual imperfections and eccentricities exist,
and it is well known that these imperfections have more
serious consequences at higher, inelastic, load levels.
Despite the above difficulties, it is evident from the
theory and test results that diaphragm bracing can be very
effective in bringing the carrying capacity of slender
columns up to at least the elastic limit load. This is about
10 times the weak-axis buckling load for the columns with
L/ry = 280.
In Fig. 24, the results are presented in the form of
column curves for the 4 1 7.7 section, for three values of
diaphragm rigidity, Q.
6. DOUBLE-BEAM FLEXURE TESTS
6.1 Description of Tests
The general arrangement for the double-beam flexure
tests made as part of this investigation is shown in Fig. 25.
Each test assembly was cr-mprised of two 8 Jr 6.5 beams of
A-44l steel, and a 26 5age plenum form cross-corrugated
steel diaphragm attarned to the compression flanges, with
the corrugations t~ansverse to the longitudinal axis of the
beams. Loads we~e applied to the beams two feet inboard from
each end suppo~t. The two beams were rigidly battened to-
gether in th( 2-foot end lengths with 1/4-inch steel plates
welded in ,lace. Adjustable vertical guides at the support
and load points kept the web of the beam vertical at these
locations. The length of beam between applied loads thus
is subjected to unjform moment, with its ends "fixed" against
lateral torsional ~uckling, but free to rotate about the
major bending axis. This arrangement was sele~ted as the
simplest one to g~ve well-defined and controllable conditions
of loading and s~port as related to the theoretical assump-
tions. In the absence of diaphragm bracing, such an arrange-
ment provides at effective laterally unsupported length of
half the dista~ce between load points.
The adjustable vertical guides of the test frame' were
used to alig1 each beam before the 1/4-inch plates were
welded in p:ace. Each pair of beams was then tested first
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with no diaphragm bracing, and then with diaphragm bracing
of given width and connector spacing. The same 1/4-inch
power driven pins were used as in the double-column assemblies.
Spans of 30 and 20 feet between loads were used, giving
effective laterally unsupported lengths of 15 and 10 feet,
and kLd/Af ratios of 3348 and 2232, respectively. Diaphragms
used were 17 3/4 and 28 inches wide, with corresponding
center-to-center beam spacings of 15 1/2 and 25 3/4 inches,
respectively. A description of the double-beam flexure test
specimens is given in Table 6.
Lateral deflections were measured at several points
along the length of each beam using a surveying transit and
scale, and vertical deflections were read with a level and
scale. Level bars were used to measure web rotations at
each end, each quarter point, and midspan of both beams.
A total of eight resistance strain gages were mounted on
the flange tips of both beams at midspan. Readings of all
instruments were taken at several increments of load before
failure.
6.2 Predicted Failure Loads for Beams
The test assemblies described in the preceding section
conform to the assemblies designated in Section 2.12 as
Case e and analyzed for ends fixed against lateral buckling.
Thus, in the elastic range, predicted failure loads can be
obtained from Eq. 52, which is repeated here:
M = (52)
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Once again~ due consideration must be given to the proper
values of Q and? to use in Eq. 52. Uniform spacing of pins
was used in all b~am tests; hence only one coefficient is
needed to account for the fact that the diaphragm is ter-
minated short of the end of the beam. That is~
Q = K3 Q3
where~ referring to Fig. 26~ Q3 is the rigidity of the dia-
phragm over length L3~ and K3 is a coefficient depending on
the unbracei length "a" and L3 • Calculations for the co-
efficient ~ are given in Appendix III for the case of a
member witt ends fixed against lateral torsional buckling~
and the resulting values are plotted in Fig. 26.
As indizated in Section 5.2~ the cross-bending rigidity
of the diaphragm can be readily determined assuming a perfect
moment connec~ion between the web of the beam and diaphragm,
as illustratec in Fig. 2. However~ considering the fact that
the diaphragm :s connected to the beam only by pins at a con-
siderable spacing (generally much larger than in the column
tests), and that the flange itself may bend or may rotate
with respeot to the web of the slender 8JR6.5 section, it
seems reasonable to neglect the transfer of moment between the
diaphragm and ~eam, and hence the flexural contribution of the
diaphragm. The F term in Eq. 52 therefore has been neglected
in computing Mcr in this thesis.
For beams failing in the inelastic range, a predicted
critical load can be obtained by sUbstituting the appropriate
i~elastic values of Pyy , GK and Er into Eq. 52, assuming that
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the diaphragm rigidity Q retains its elastic value. Nea1 25
has concluded that, at the start of lateral buckling, St.
Venant's torsional stiffness is not dependent on the amount
of yielding, and that, therefore, the full elastic value of
GK can be used in the lateral buckling equation.
Considering first a beam without residual stresses, the
following tabulation can be made for an 8 Jr 6.5 section with
an assumed yield stress of 50 ksi.
M I y GK r
(in-kips) (in4) (kip-in2) (in6)
0 0.34 228 5.16
235 0.34 228 5.16
238 0 228 0




This tabulation shows that once the load reaches My' the
moment at which yielding begins, the terms involving Pyy in
Eq. 52 (including the P term evolved from Er) quickly re-yy
duce to zero. In Fig. 27 the results of an inelastic analy-
My
Flanges Yielded
sis are shown graphically. Three stages are plotted: curve
(a) for a fully elastic beam, curve (b) for the flanges
yielded, and curve (c) assuming that the flanges are yielded
and that GK is also equal to zero, but that the diaphragm
restraint is still elastic. The plastic moment, Mp is also
indicated. The figure shows that the inelasticity of the
beam has little effect on the predicted critical moment for
an 8 Jr 6.5 section. A more complex analysis such as pre-
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sented by Galambos1 8 for beams with residual stresses does
not appear to be warranted for these sections, and therefore
predicted loads are based on two conditions: (a) a fully
elastic beam, and (b) a beam with the flanges fully yielded,
along with part or all of the web.
6.3 Beam Test Results
Results of tests of the five double-beam assemblies both
with and without diaphragm bracing are summarized in Table 7.
For the unbraced beams, failure always was by elastic lateral
buckling at very low stresses, and the test was arbitrarily
stopped before the lateral deflections and stresses became
excessive, in order that the same beams could be used for the
braced-beam tests. Upon removal of the load, the beams re-
turned almost exactly to their no-load condition. Buckling
always occurred in the direction of initial crookedness, if
such crookedness was at all pronounced. Fig. 28 illustrates
the lateral deflection of the centroid of a typical beam at
zero load, at a load near the maximum applied load, and upon
removal of load. The test arrangement was designed to simulate
the condition of full fixity against lateral buckling, and
Fig. 28 indicates that the deflected shape of the unbraced
beam does indeed closely approximate a displaced cosine curve.
Fig. 29 shows a typical plot of load versus lateral deflection
of the top and bottom flanges of an unbraced beam at midspan,
and Fig. 30 shows moment versus midspan vertical deflection.
Figs. 31 through 33 present similar information for the
same beam with diaphragm bracing. Comparing the braced beam
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with the unbraced beam, the maximum load and vertical deflec-
tions before failure are much larger, and the lateral deflec-
tions are much smaller. Also, the approximation of the lateral
deflection by a displaced cosine curve is not as good. It
should be noted that the braced flange deflects more than the
unbraced flange (see Fig. 32), in agreement with the assumption
made in the analysis.
For ultimate loads below the yield moment, failure of the
diaphragm-braced beams occurred by sudden lateral deflection,
accompanied by popping of the pins and tearing of the diaphragm.
For higher ultimate loads, failure of the pins preceded the
sudden lateral motion. In beam test No. 10, which gave the
highest test load, failure was by local buckling of the top
flange and web of both beams about 3 1/2 feet inboard from the
South jack, without much damage to the diaphragm. Photographs
of a double-beam assembly under load and after failure appear
in Figs. 34 and 35, respectively.
A brief description of each test of diaphragm-braced
beam assemblies follows:
Test No.2 L = 360", kLd/Af = 3348, w = 17 3/4", N = 4,
Q = 22.4 kips
The assembly was designed to fail near the yield moment.
Results are plotted in Figs. 31 through 33, and photos appear
in Figs. 34 and 35. The beams sustained vertical deflection
of more than 12 inches, and measured top flange lateral de-
flection of 0.6" before failure. Sudden failure occurred as
the diaphragm tore loose and the beams buckled at a load of
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240 inch-kips, with greatest damage near Station 11.25 (11.25
feet from South load). The North end of the beam remained
relatively undamaged. Strain gages at midspan indicated some
yielding before failure.
Test No.4 L = 360
"
, kLd/Af = 3348, w = 17 3/4, N = 6,
Q = 10.5 kips
The assembly was designed to fail in the elastic range. .
The beams sustained vertical deflection of more than 6 inches,
and top flange lateral deflection of more than 1.3 inches, be-
fore failure. The beams buckled at a load of 166 inch-kips,
with greatest deflection at Station 11.25. After test, the
North third of the beam returned to nearly straight condition.
There was no evidence of yielding before buckling occurred.
Test No.6 L = 360 il , kLd/Af = 3348, w = 17 3/4", N = 2,
Q = 76.9 kips
This assembly was designed to fail in the inelastic range.
The beams sustained vertical deflection of more than 14 inches,
and top flange lateral deflection of 0.2", before failure.
Two pins tore loose, then sudden failure occurred at M = 246
inch-kips. After failure, there was a distinct "kink" in the
beams near Station 11. Strain gages indicated considerable
yielding before failure, and yield patterns extended about 2"
into the web from the bottom flange. There is a possibility
that the South support rotated slightly about its vertical
axis when the beams failed, with consequent partial loss of the
"fixed"end condition. The bracing which was designed to pre-
vent this rotation was subsequently revised to give more positive
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control on future tests.
Test No.8 L = 240", kLd/Af = 2232, w = 28", N = 8, Q = 20.7 kips
This assembly had shorter beams and wider diaphragms than
previous tests, and was designed to fail near the yield moment.
The beams sustained vertical deflection of 6 inches and top
flange lateral deflection of 0.6" before failure at M = 228
inch-kips. Yield patterns were visible on the bottom flanges
at 198 inch-kips, and on the compression flanses just before
failure. There was loss of connection between the beams and
diaphragm for nearly the full length of the beam at failure,
with the greatest lateral deflections near Station 12.5.
Test No. 10 L = 240, kLd/Af = 2232, w = 28", N = 4, Q = 69.1 kips
This assembly was designed to fail in the inelastic range.
Vertical deflections measured almost 8 inches, and top flange
lateral deflections measured 0.2", before failure at M = 268
inch-kips by local buckling of top flange and web of both
beams at Station 3.5. The bottom flange showed yielding at
about 185 inch-kips on East beam, and 216 inch kips on West
beam. The top flanges showed yielding at 252 inch-kips. At
264 inch-kips, yielding had progressed about 2 1/2" up into
web from bottom flange, and 2 1/2" down into web from top
flange. At failure, connections of diaphragm to beams remained
essentially intact except at Station 3.5.
6.4 Discussion of Beam Test Results
(a) Unbraced Beams
The maximum moments applied to the unbraced beams with
their initial imperfections were 5 to 20% less than the
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predicted failure moments based on classical lateral buckling
theory for ideal beams. As indicated in Section 6.3, these
tests were arbitrarily stopped before a true maximum load was
reached, in order that the same beams could be used with dia-
phragm bracing. In general, the tests of the unbraced beams
indicated that the test setup functioned in the desired manner.
(b) Diaphragm-Braced Beams
In Table 7 and Figs. 36 and 37, the maximum moments sus-
tained by the diaphragm-braced beams are compared with the
predicted moments from Eq. 52. In the elastic range, predicted
values underestimate the failure loads, probably due to neg-
lecting the cross-bending rigidity of the diaphragm. The under-
estimate is smaller for the shorter beams with wider diaphragms,
where the effect of the cross-bending rigidity is theoretically
much less than for the longer beams with narrower diaphragms.
Above the yield moment, Eq. 52 overestimates the carry-
ing capacity of the diaphragm-braced beams by about 12%. As
indicated in the discussion of column test results, there are
at least three possible reasons for this overestimate:
(1) Eq. 52 was developed assuming that the response
of the diaphragm bracing remains elastic until failure. This
is probably not true at very high moments.
(2) It was assumed also that the deflected shape of the
beam at failure would be a displaced cosine curve. Instead,
at very high loads, the deflected shape deviates from this
assumption, and probably requires a lower energy level than
the assumed failure mode. In particular, failure in Test No. 10
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was clearly a local buckling failure.
(3) The theoretical derivation further assumes ideal
beams. Actual imperfections exist, and it is well known that
these imperfections have more serious consequences at higher,
inelastic load levels.
Fig. 33 indicates that the theoretical and actual vertical
deflection of the beams agreed quite well. This is evidence
that the vertical guides at the support and load points did
not offer any significant restraint to vertical motion. The
theoretical deflection of the braced beams was computed neg-
lecting the small contribution of the diaphragm, which acts
as a very flexible cover plate.
The effect ~f the large vertical deflection of the beams
on the lateral buckling load should be discussed briefly. For
beams without diaphragm bracing, it is known that large vertical
deflections result in slightly higher critical lateral buckling
loads. 2 Chwalla26 has concluded that this effect for I-sections
without diaphr~~m bracing can be taken care of approximately
I y 1 - (Iy/lx )
For the 8 Jr 6.5 section, I y = 0.34, Ix = 18.7, and the above
expression becomeD 1.02 I. This effect would be certainlyy
negligible when introduced into Eq. 52. For beams with diaphragm
bracing, the effect o~ vertical deflections is undoubtedly
larger than calculated above, since the diaphragm-braced beam
behaves as a~ unbraced beam with a much higher value of I y .
The effect o~ large verttcal deflections for diaphragm-braced
by replacing the moment of inertia I y by the expression
1
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beams could be estimated on the basis of a fictitious increased
value of I y ' In any event, the increased buckling moment is
still a direct result of the presence of the diaphragm bracing.
The results of the braced-beam studies are presented in
another form in Fig. 38, where the critical moment for the
8 Jr 6.5 section is plotted against Ld/Af for various values
of diaphragm rigidity, Q. It is evident that diaphragm bracing
is very effective in bringing the carrying capacity of slender
beams up to the yield moment.
7. SUMMARY AND CONCLUSIONS
7.1 Summary of Current Investigation
The investigation covered in this thesis is an extension
of previous work on the stability of I-section beams and
columns braced with shear-rigid diaphragms. For a centrally
loaded elastic column with symmetrically disposed continuous
shear-type bracing, previous investigators had determined the
augmented weak-axis buckling load as
p = Pyy + Q (34)
where Pyy is the weak-axis buckling load of the unbraced column,
and Q is the effective shear rigidity of the contributory
bracing. Eq. 34 also has been used to give an approximate
solution for centrally loaded columns with unsymmetrical
bracing, neglecting the effect of twist.
In this investigation, a theoretical solution was ob-
tained for centrally loaded columns with a single diaphragm
at any location, considering the effect of twist. The result-
ing critical load is
J( ab+c) 2 \P (ab+c) - - 4b(ac-f) (39)= 2b
where a = Pyy + Q
b = Ip/A
h2 + GK + Qs2 + FL
2
c = (-rr P -)yy 21T 2
and f = (Qs)2




For symmetrically braced columns, a corrected solution
is presented for the torsional-flexural buckling mode as
2 Qs2 2p = A (h P + GK + + ~) (35a)2 I p rr yy 21T
If As
2
>1, the critical load from Eq. 35a exceeds that ofI p
Eq. 34, and failure will be by flexural buckling without
twisting. Also, for symmetrically braced, centrally loaded
elastic columns with pinned ends, it was demonstrated that
the failure configuration always will be a single half sine
wave, regardless of the relative stiffness of the column and
diaphragm. In addition, it has been shown that ne~lecting
the deflections perpendicular to the stron~ axis of the column
does not affect the other failure modes, so long as the dis-
cussion is limited to small deflections.
The possibility of column buckling without lateral dis-
placement of single diaphragm bracing was investigated and
the critical buckling load determined as
I
(s2 + 2es + r)
In the inelastic range, an expression for the critical
bucklin~ load of a centrally loaded column was developed as
p = + Q < P
- xx
(65)
*where Et is the tangent modulus related to weak-axis buckling
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at the load P. Since P affects both sides of the equality in
Eq. 65, successive trials can be used for the solution, or
graphs such as Fig. 23 can be utilized.
Solutions also are presented for the critical moment
causing lateral buckling of elastic diaphragm-braced beams
subjected to pure moment. For symmetrically disposed diaphragms
located any distance, 2s apart, the critical moment is
M =cr (36 )
(52)
for beams with ends free to rotate about their vertical axis.
The comparable expression for beams braced by a single diaphragm
a distance s from the beam centroid is
M = (P + Q)(~ P + GK + Qs2 + FL2 ) + Qs (42)
cr yy ~ yy 2w2
where s is positive if the diaphra~m is on the compression
side of the beam, and ne~ative if on the tension side of the
beam. For a similar diaphragm-braced beam under pure moment
with ends fixed a~ainst rotation about the Y-axis, the critical
moment is obtained as
J
h2 2 \
Mcr - (Pyy + Q)(4Pyy + GK + Qs2 + 3:~2) + Qs




Except for the term involving F, the cross-bending rigidity
of the diaphra~m, Eq. 52 is the same as Eq. 42. A method for
extendin~ the beam solutions into the inelastic range is
presented. Finally, the applicability of the approach to
problems of beam-columns with diaphragm bracing is indicated.
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The theoretical results are compared with 16 tests of
centrally loaded double columns of 417.7 section in the elastic
and inelastic range, with symmetrical and unsymmetrical dia-
phragm bracing. The comparison is shown in Fig. 23. In the
elastic range, test results are consistently about 10% below
predicted values, while the magnitude of the increase over the
unbraced strength is several-fold. The comparison between
predicted and test values in the inelastic range of column
behavior is satisfactory for Q values up to about 80 kips.
For higher values of Q, the comparison is not as good, and
failures are observed to be about the weak axis, rather than
the strong axis as predicted by the simplified inelastic theory.
The theoretical results for beams as expressed by Eq. 52,
and neglecting the cross-bending rigidity of the diaphragm,
were compared with five tests of diaphragm-braced 8 Jr 6.5
beam assemblies; results are shown in Figs. 36 and 37. Test
results exceed the predicted values in the elastic range,
undoubtedly due to the neglect of the diaphragm cross-bending
rigidity. In the inelastic range, test results fall short
of reaching the full plastic moment when predicted by the
simplified theory presented in Section 6.2.
7.2 Limitations of Investigations to Date
The theory presented for predicting the critical buckling
loads of columns and beams braced by shear-ri~id diaphragms
assumes ideal I-shaped members without imperfections, and with
no eccentricity of loading perpendicular to the plane of the
web. Tests were conducted on pairs of identically loaded
68
members, with limited spacing between members, thus reducing
the possible effect of twist of the cross section. Two dif-
ferent rolled sections were used, a column section which
exhibited a rather erratic residual stress pattern, and a light
beam section which happened to have a favorable residual stress
pattern in that the flanges were in residual tension. One-
piece diaphragms, without any splices, were used in all column
tests. Diaphragms for the beam tests were made from two pieces,
Joined at midspan. Corrugations always ran perpendicular to
the longitudinal axis of the beam or column. Because of lack
of suitable theory, the effective shear rigidity of the dia-
phragm had to be determined experimentally.
There is need to extend the theory of diaphragm-braced
members to unsymmetrical beam or column sections such as
channels, to develop a suitable theory for determinin~ the
effective shear rigidity of diaphragms, and to demonstrate
experimentally the validity of current theory for practical
member spacing and more ~eneral conditions of use. A better
understanding of actual behavior in the inelastic range is
also desirable.
7.3 Conclusions
Present theory and test results demonstrate conclusively
that shear-rigid diaphragms, properly attached, can be very
effective as lateral bracing for slender columns and beams.
Such diaphragms can reliably increase the carrying capacity
of slender columns up to the elastic limit load. Above the
elastic limit load, the influence of diaphragm bracing is
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much less pronounced, and somewhat less predictable.
Diaphragm bracing is also very effective in supporting
slender beams against lateral buckling. The yield moment
of the beams appears to be readily attainable using shear-
rigid diaphragm bracing.
Where present forms of construction provide adequate
diaphragm bracing to beams or columns, or where minor modi-
fications in construction practice would accomplish this,
the above information could serve as the basis for increased
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APPENDIX I - NOTATION
cross-sectional area
constants
total strain energy in diaphragm
strain energy in diaphragm due to transverse
bending
strain energy in diaphragm due to shear
modulus of elasticity
tangent modulus




flexural rigidity of diaphragm per unit length
flexural parameter of diaphragm
shear modulus
effective shear modulus of diaphragm
torsional rigidity
flexural parameter of diaphragm
moment of inertia
polar moment of inertia about shear center
shear rigidity factors for Ql' Q2' and Q3'
respectively
length















moment at any section
end moment
plastic moment, c y Z
yield moment, c Sy






effective shear rigidity of diaphragm-connector
combination
effective shear rigidity over lengths Ll , L2 ,
and L3, respectively
elastic section modulus
total potential energy in a system
potential energy of external loads
internal strain energy in member
shear force at a section
plastic section modulus























distance between centroids of flanges of 1-
section
moment of inertia of sheet per unit length
spring modulus of Winkler-type foundation,
or effective length coefficient
number of half sine waves into which a bar
buckles
number of members
strong-axis radius of gyration
weak-axis·radius of gyration
distance from centroid of member to diaphragm
thickness of diaphragm
deflection in the yz plane
deflection in the xz plane
overall sheet width spanning between members
coordinate through centroid of member cross
section, parallel to flange
coordinate through centroid of member cross
section, parallel to web
coordinate along the neutral axis of the member
edge slope of diaphragm in its plane
twist of the member cross section
unit strain
warping constant
net center deflection in double-beam shear test
proportional limit stress
yield stress
APPENDIX II - SOLUTIONS USING EULER-LAGRANGE CONDITIONS
Case b: Symmetrically-disposed Diaphragm Bracing, Considering
Twist (Fig. 4b) is treated in the text, Section 2.7.
Case a: Symmetrically-disposed Diaphragm Bracing, Assuming
No Twist (Fig. 4a).
From Section 2.7,
L
U • 1/2f {2 (Ely U" 2 + Era" 2 + GKB,2)
0
- 2P (u,2 + 2eu' B' ~ B,2)+ A
(26)
For No Twist, B and its derivatives are zero, and
U = 1/2 jL 2 (Ely u,,2 _ pu,2 + Qu,2) dz
The EUler-Lagrange Condition for this case is
(26a)
(18)
Application of this condition to Eq. 26a yields
EIy u
IV + (P-Q) u" = 0 (27a)
Assuming u = Cl
'II'Z
sin L '
and substituting this value of u and its derivatives into
Eq. 27a, one obtains





'II'~ - (P-Q) Cl
2




Factoring this term out of Eq. 3la,
2
Ely ~ - (P-Q) = 0
L
Pyy - P + Q = 0
p = P + Qyy
is the only solution obtained.
Case c: Diaphragm Bracing on One Flange Only, Assuming No
Twist. (Fig. 4c)
The solution is identical to that for Case a, except that
for two members and one diaphragm, Q = 1/2 w t Geffo
Case d: Bracing on One Flange Only, Failure by Lateral
Deflection and Twisting, with Braced Flange Deflect-
ing Less than Unbraced Flange (Fig. 4d).
F Fi 4 () d ( d) _ , d Q'rom g. d, a Z = dz U - 2 l3 - u - 2 ~
D
s
= 1/21 L Q [0(z)J2dz
therefore
D = 1/2[L Q (u,2 - u'e'd
s
-0
and for 2 members and 1 diaphragm, from Eqs. 1, 3, 4 and 17,(L
U" 2 + Ers,,2 + GKs,2)U = 1/2 I {2 (Ely)0
I 2
-2P (u,2 + 2e ute' + r 13' )
+ 2Q (u,2 _ uts' d + 13,2 d
2)+ Fa2} dz (26d)
4
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The Euler-Lagrange conditions are
(18)
(19)
Application of these two conditions to Eq. 26d yields
Ely ulV + (P _ Q) u" + (Pe + ~d) 811 = 0 (27d)
I 2
and (Pe + ~d) u" + Er8 lV + (-/- P - GK - ~)8" + ~B = 0 (28d)
Assuming u = nz nzCl sin ~ and B = C2 sin ~,
sUbstituting into Eqs. 27d and 28d, and factoring out
n
2
-- sin ~ ~ 0, yields
L2 L
(Pyy - P + Q) Cl -
Qd
= 0(Pe + 2) C2
_ (Pe + Qd) n2 !? I
2 2
Cl + (Er L2 - + GK + Qd + FL )C = 02 A P L/ 2n2 2
For solution, with r h
2




(P - P + Q -(Pe + Qd)yy 2
= 0 (38)
+ Qd) h2 I Qd 2 FL
2
-(Pe (4 Pyy --/- P + GK + -zr + ~)2 2n
2 I 222
( p _ P + h _ -R P + GK + ~ + FL )=(Pe + Qd)yy Q)(zr- Pyy A ~ 2n2 2
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Then, substitution into Eq. 38d yields
(-P + a)(-bP + c) = f
bp 2
- cP - a b P + ac = f
bp2 _ (a b + c) P + (ac f) = 0
From the quadratic formula:
p = (ab + c) ± J(ab + c)2 - 4b(ac - f)
2b
Eq. 39 can be generalized for the case of a diaphragm at any
location s from the centroid by sUbstituting s for d/2 in all
appropriate terms.
From Eq. 38, with P = 0 and Pe = M,
M =cr
h2 Qd 2 FL2 Qd( p + Q)(..- P + GK + + )yy Ii YY ,- 2 'IT 2 - 2" (40)
Note that in Eq. 26d, the term 2e u'S' is taken as positive,
and u'B'd is taken as negative. For consistent sign conven-
tion on u and 6, it follows that e and d were taken of opposite
sign; that is, measured in opposite directions. Therefore,
Eq. 40 gives the critical moment for lateral buckling of a
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beam with the diaphragm on the tension flange.
Case e: Bracing on One Flange Only, Failure by Lateral
Deflection and Twisting, with Braced Flange Deflect-
ing More than the Unbraced Flange (Fig. 4e)
From Fig. 4e, a(z) =~ (u + d B) = u' + dB'dz 2 2




For 2 members and 1 diaphragm, from Eqs. 1, 3, 4 and 17,
2 In Q' 2)
-2P(u' + 2eu'e' + ~ ~
(26e)
The EUler-Lagrange Conditicns, Eqs. 18 and 19 yield:
EI uIV + (P-Q) u il + (Pe - Qd) B" = 0 (27e)y 2
',' I 2
and (Pe - Qd)u" + EraIV + (-12. P - GK - 9% )13" + ~e = 0 (28e)2 A
Assuming u = Cl sin ~ and B = C2 sin rz substituting into
Eqs. 27e and 28e, and factoring out w~ sin n~ ~ 0, one obtains
L
(Pyy - P + Q)Cl - (Pe - Qd) C = 0 (30e)2 2
n
2 I Qd 2 2lli!) -E.. P + GK + FL )C = o (31e)
- (Pe - 2 Cl + (Er L2 - A
--q + 2n2 2
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For a non-trivial solution, with r =~ I y '
from Eq. 38e,
Jr-----2------2---2-'M = (P + Q)(~ Pyy + GK + Qd + FL ) + Qdyy ~ -q- 2w2 2 (42)
(42e)h 2 2 \Q)(q- Pyy + GK + Qs
2
+ :~2) + Qs
For the diaphragm at any distance S from the centroid, sub-
stituting s for d/2~
M = J(p +yy
For a centrally loaded column, e = 0, and Eq. 38e is identical
to Eq. 38d in the previous section, and the critical column
load is given by Eq. 39.
Case f: Bracing on One Flange Only, Failure by Twisting of
the Columns in Opposite Directions (Fig. 4f).
For this case, du = 2" 6,
and
For single curvature of the diaphragm, with end moments Mo




The cross-bending energy in a unit length of diaphragm 1s
A Db = iW ~1 y" 2 dx = ~1 f W
o 0
The total cross-bending energy
1L 2Eia2Db = 0 w dz =
is thus
1/2fL FB 2 d.
o
where
Then, for two columns and one diaphragm,
U = V + Uw + Db
U = 1/2 f{2(EIy u,,2 + ErB,,2 + GKB,2)
o
I
+ F13 2} dz
- 2P (u,2 + 2eu'a' + :£ 13,2)Ai L 2 + GKB,2)U =1/2 { 2(Ely ~ 13,,2 + ErB,,2
0
-2P d
2 B,2 + eda,2 + ? a' 2) + Fa 21 dz (26f)(q-
The Euler-Lagrange Condition
~f d afIT - dz (ai') af )(W = 0 (19)
For f = U in Eq. 26f, Eq. 19 becomes
(EI
y
f. + Er) BIV + (Rf. + Ped + P~p - GK)B"
+ ~ B = 0 (28f)
Considering the possibility of multiple half sine waves,
assume
m'll'z
B • C2 sin L
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(Ely r.- + Er) !!!-L -
"t L2
2 PI 2(~ + Ped + ~ - GK) + FL = 0
2m21T 2
from which
P = 2(~ +
2










( Y)(s 2 + ~) + GK + 2 2
L2 2m wP=-~-------=---_-=':~:"'--I
(52 + ed + f)
For a diaphragm
To compare with Bleich's solution (Ref. 2, p. 140)
a 2 =52 I pc = I p + Aa
2
e = 0, and F = O., ,
2 2
Eq. 44a becomes m 'If Ely 2 + ~) + GK( 2 )(a
P = L I pC
'lf2E (m2
a2 I + r GKL2
and ocr =
L2
y + 2 )I pc 'If E I pc
Similarly, to compare with Timoshenko and Gere's solution
(Ref. 16, p. 241) for a centrally loaded column with an en-
forced axis of rotation about the shear center, and the dia-
phragm at the shear center:











APPENDIX III - SOLUTIONS USING RAYLEIGH-RITZ METHOD
Case d: Bracing on One Flange Only, Failure by Lateral
Deflection and Twisting, with Braced Flange Deflect-
ing Less than Unbraced Flange. (Fig. 4d).
For 2 members and 1 diaphragm,
U = 1/2i L ~ 2(Ely u ,,2 + ErB,,2 + GKB' 2)
o
I
_2P{u,2 + 2 eu'B' + ~ B,2)A
2 B,2d2 2J
+2Q{u' - u'6'd + 4 ) + Fa dz
Assume u = Cl sin w~ and B = C2 sin w~
(26d)
SUbstituting u and B and their derivatives into Eq. 26d,
and integrating, one obtains
w2 C 2 + h
2 C 2 + GKC 2 2 -2Pe Cl C2U = 2L (Pyy 1 zr Pyy 2 2 - PCl
2 2p C 2 + 2 + Qd C 2 + FL C 2)
- - I QCl + QdCl C2 ,- 2 2 2A p 2 2w
Application of the Rayleigh-Ritz Conditions,








Qd) C + h _ P I + GK + Qd + ~)C = 0 (31d)
-{Pe ~ 1 (zr Pyy A P ~ 2w 2 2
T are identical to those obtained for Case d inhese equations
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Appendix II using the Euler-Lagrange conditions, and the same
solutions are obtained.
Case d. (Ends :'Fixed") For a column with ends fixed about
the Y- and Z-axis, with diaphragm
bracing on one flange,
U = 1/2 fL{2(Ely u,,2 + ErB,,2 + QKB ,2)
o
I
_2P(u,2 + 2eu'8' + ~ 8,2)
2 8,2d2 2}+ 2Q(u' - u'B'd + 4 ) + FB dz (26d)
2wz) 2wzAssume u = Cl (1 - cos -r- and B = C2(1 - cos -r-)
SUbstitution of these values and the appropriate derivatives
yields:
2





U = £!- (P C 2
L2 yy 1
into Eq. 26d,
for the fixed~end condition.
From the Rayleigh-Ritz conditions,




(Pyy - P + Q) C1 - (Pe +
-(Pe + Qd)C + (E n 2 + GK P I2 1 r ~ - -LAp
Qd) C = 02 2
2 2
+ Qd + 3FL )
T 8n 2
II, except that now Pyy =
These equations are the same2as Eqs. 30d and 31d in Appendix4'If EI
2 Y, and the coefficient for
L
the cross-bending rigidity term is 3/8 instead of 1/2. There-




a = Pyy + Q ,




h 2 + GK + Qd
2 3FL2c = (4 Pyy T+ 87
2
and f = (Qd)2
Consideration of Displacements in the Y-Direction for a
simply-supported, centrally loaded column with diaphragm
bracing on one flange only.
Evaluating the change in energy from the stable to the un-





+2Q(u,2 - u'a'd + ( 26v)
where d d da(z) = dz (u - 2 8) • u' - 2 8'
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and the longitudinal bending rigidity of the diaphragm has
been neglected.
For a column free to rotate about the weak axis, but
fixed about the strong axis, assume
B = C2 sin ~z
and v = C3 (1 - cos 2~Z)
Substitution of these values and their derivatives into Eq.
26v yields
tr 2 2 2 16tr2 2 2 2U = - (Ely !...- C + EI - C + Er !..- C
2L2 L2 1 x L2 3 L2 2
2 2 2 P 2
+ GK C2 - P C1 - 4p C3 - A I p C2
+ QC1
2
- Qd C1C2 +~ C22 + ~~~ C22)






Application of these conditions yields, for a non-trivial
solution,





tr 2 2 FL2P + Qd + 02+ GK - A I p -)-zr 2tr 2L
= 0 (38v)
o 0 (Pxx-P)
The three solutions are P = P
xx
' and the two solutions obtained
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previously in Section 2.9 and Appendix II, Case d.
Determination of K3
In the double beam assemblies tested, the diaphragm
was terminated short of the end of the beam, as shown in Fig.
26. The diaphragm extends from a to L-a, and has shear
rigidity Q3 over this length. For beams with diaphragms on
the compression flange, sUbjected to pure moment,
a(Z) = ~Z (u + ~ a) =u t + ~ at
The shear energy of the diaphragm is
Os • 1/2 [L-aQ3[o (z)]2 dz = 1/2 Q3 [L-a(u' 2+u •a 'd+f:a o2)dz (41k)
For the "fixed" end conditions of the assemblies tested, assume
u = Cl (1 - cos 2r
Z)and B = C2(1 _ cos 2'11'z)L
Then ~C 2'11'z and B' 2'11' C sin 2'11'zu' = sin = LL 1 L L 2
SUbstituting these values into Eq. 41k, one obtains,JL-a 2 2 2 211'z
Q3 (~~ Cl 2 211'z + ~dDs = 1/2 sin L L2 CI C2 sin L
a
2 2
sin2 211'z )+ d 411' C dzq7 2 L
The term sin2 2rZ appears in each term of the integral.
indefinite form of the integral is evaluated as follows:
The
f 2 2 z L i 4,zsin ~Z dz = 2 g;r s n T
If the diaphragm extended over the full length of the beam,
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then
For the diaphragm extending from a to L-a,
~L-aSin2 2~Z dz =~ _~ (sin 4.(t-a ) _ sin 4~a)
a
The relative effectiveness of this partial length diaphragm
is
L-2a L (sin 41T(L-a)
- sin 41Ta)
K3 =
-:-r - 87T L L
L/2
K =L-2a _ 1 (sin 41T(L-a)
- sin 41Ta)or 3 L q; L L
and the effective shear rigidity is
Values of K3 are plotted against aiL in Fig. 26.
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Table 1 Double-Beam Shear Test Summary
Material Width Are~ Connector Q Geff(in) (in ) Spacing,N (kips) (ksi)
0.024 x 1 1/4
Aluminum 14 0.336 8 12.5 37.2
" " " 4 34.9 103.8
" " " 2 95.9 285.0
" " " 1 246.7 733.0
26 Ga. Plenum
82.2Galv. Steel 28 0.504 8 41. 4
" " " 6 62.9 124.8
" " "
4 138.2 275.0





II 1 849.0 1686.0
" 17 3/4 0.319 8 12.3 38.5
" "




II 1 559.8 1752.0
"
14 0.252 6 13.7 54.4
II II II 3 41.1 163.0
Ii II II 2 86.3 343.0
" "
II 1 534.8 2120.0
24 Ga. Plenum
0.426 8 15.7 36.9Galv. Steel "
" "
II 4 49.7 117.
" "




Table 2 8JR 6.5 Tension Coupon Test Results and Mill Report
Tension Coupon Test Results
Beam Coupon Yield Point Tensile Strength(ksi) (ksi)
a 1 51.8 68.7
54.7 68.9 12
r3 55.3 69.34 54.2 69.9
68.2 4d 1 55.8 Locations of















Table 3 Description of Double-Column Test Specimens
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Column Section: 417.7, A44l Steel, r
x





































































































Specimen Diaphragm Connections(d) Length L/ry KL/rxNo. Support(a) etween
Knife (K=0.5)
Edges,in.






Every second 29.5 50 9.0
valley
CMM-2 " Every second 94.3 160 28.8
valley




Notes: (a) Width is overall, not between lines of connectors
(b) On each flange face
(c) On one flange face only
(d) Symmetrical about mid-height
(e) Taken from Reference 8.
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Table 4 Effective Diaphragm Rigidity
for Double-Column Specimens
Specimen aIL L2/Ll Kl K2 Q Q2 QNo. (kips) (kips (kips)
COO .0478 4.07 .502 .304 73.5 20.8 43.2
cpp .0485 4.07 .501 .303 73.5 20.8 43.1
CII .0493 0 .804 .000 36.8 0 29.6
CIQ .0820 0 .670 .000 35.9 0 24.0
CBB .0406 0 .837 .000 95.9 0 80.3
CFF .0375 8.00 .347 .504 535. 86.3 229.1
CNO •0631 2.46 .622 .125 560 . 154. 367.6
CNN .0548 4.95 . 437 .343 560. 154 . 297.5
CPQ . 0626 0 .752 .000 280 . 0 210.0
CQQ-1 .100 0 .612 .000 14.4 0 8.18
CQQ-2 .108 0 .584 .000 35.9 0 21.0
CKK-l .110 0 .511 .000 16.8 0 44.3
CKK-2 .0910 0 . 646 .000 280. 0 181 .
CMM-1 .157 0 .450 .000 76.8 0 34.5
CMM-2 .0477 0 .810 .000 76.8 0 62.2
CGG . 0398 0 . 814 .000 385 . 0 313 .
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Table 5 Summary of Double Column Tests,
Predicted and Actual Failure Loads
Specimen L/ry Pyy Pxx Q Ppred* Ptest Ptest/PpredNo.
COO 220 13~'3 105.8 43.2 56.5 49.5 0.876
CPP 220 13.3 105.8 43.1 56.4 48.5 0.860
CII 220 13.3 105.8 29.6 42.9 39.5 0.921
CIQ 120 44.6 110.0 24.0 68.6 62.7 0.914
CBB 280 8.2 102.0 80.3 87.3 77.5 0.888
CFF 280 8.2 102.0 229.1 102.0 83.0 0.813
CNN 220 13.3 105.8 297.5 106.8 98.8 0.934
CNO 160 25.1 108.7 367.6 108.7 86.0 0.792
CPQ 160 25.1 108.7 210.0 108.7 93.5 0.862
CMM-2 160 25.1 108.7 62.2 85.2 81.2 0.953
CGG 160 25.1 108.7 313.0 108.7 96.8 0.891
CQQ-1 82 85.5 111.0 8.78 88.2 81.0 0.918
CQQ-2 82 85.5 111.0 21.0 91.5 89.8 0.982
CKK-1 82 85.5 111.0 44.3 97.6 91.8 0.940
CKK-2 82 85.5 111.0 181.0 111.0 100.6 0.916
CMM-1 50 102 112 34.5 105.3 102.5 0.972
2 Et L1T
* Ppred = L2
Y + Q < P (Eq. 65)
- xx
Table 6 Description of Double-Beam
Flexure Test Specimens
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Diaphragm Material: 26 ga Granco Plenum Cross-Corrugated
Steel.























































22.4 .0161 1.0 22.4
o
10.5 .0161 1.0 10.5
o
16.9 .0153 1.0 76.9
o
20.1 .0167 1.0 20.7
o
69.1 .0187 1.0 69.1
* Beams were "fixed" against lateral buckling, hence k = 0.5
was used to obtain kLd/Af 'ratios shown.
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Table 7 Summary of Double-Beam Flexure Tests,
Predicted and Actual Failure Loads
Beam Section: 8JR 6.5, A44l Steel
Diaphragm Material: 26 ga Granco Plenum Cross-Corrugated
Steel
Test Test kLd/A r Q Predicted Max. Test Test/p dNo. Length, (kips) (1) Load re •
L( in. ) Mcr (in-kips)
(in-kips)
1 360 3348 0 28.9 22.8(2) 0.79(2)
2 II " 22.4 215. 240. 1.12
3 " " 0 I 28.9 22.8(2) 0.79(2)
4 II " 10.5 ~O. 166. 1.38
5 tl " 0 28.9 21.6(2) 0.75(2)..
6 " " 76.9 290. 246. 0.85
7 240 2232 0 47.7 45.2(2) 0.95(2)
8 " " 20.7 215 228. 1.06
9 " " a 47.7
43.8(2) 0.92(2)
10 " " \69.1 290. 268. 0.92
j 2 2 \( p Q)(~ P + GK + Qd ) + Qd < Myy + ~ yy ~ 2 - P
(2) Tests of unbraced beams were arbitrarily stopped to
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1m. 2 - DI.A.PRJUOM S18J~1D TO SHEAR AID BEtfDIm.
dz
FIG. 3 - AN ELEMENT SUBJECT TO SHEAR
(a)
T -----:,-;.::
-----al.. __ =-_~_~ da = dz (u)
(b)






















a. = dz (u - "2 13)
d d
a. = - (u + -2 S)dz
(f) r- --__ u --~ a. = 0
FIG. 4 - POSSIBLE DEFLECTED POSITIONS OF DIAPHRAGM-BRACED MEMBERS.
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rro. 5 _ DEF~TED SHAPE or DIAPHRAOM..BRACED BEA.~S ~!ITH
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,m. 10 _ RESJDUAL STRISSIS IN 8 JR 6.' SmTION. BEAM A.
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Fm. 11 - RESIDUAL STR!:3SES IN 8 JR 6•.5 SECTION, BEAM D.
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FIG. 23 - COMPARISON OF COLUMN TEST RESULTS WITH PREDICTED FAILURB LOADS
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FIG. 24 - THroRETICAL COLUHN CUR'nS FOP' 4 I 7.7 3ECTIO~I .:ITH JIAPHRAM 3RACPlG.
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rIG. 21. CRITICAL )«)MDT II TIll IlltASrIC RAJIlE FOR AN 8 JR 6., SlETIOIf
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FIG. 28 _ LATERAL DEFLECTION OF CENTROIDAL AXIS OF AN UNBRACED B~'1.
WIST BIAM
BEAM lIST No 1
8 JR 6.5
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LATERAL DEFLECTION AT MIDSPAN (INCHES)
5.0
FIG. 29 - LATERAL D~ION VERSUS MOMENT FOR AN UNBRACED .B~.
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VERTICAL DEFLECTION OF TOP FLANGE AT MIDSPAN (INCHES)
FIG. )0 - VERTICAL DEFLECTION VERSUS MOMENT FOR AN UNBRACED BEAM
22•.511"I1•.5'o
STATIDR I I I ;" k- 1 O.1'Ko Teo __
~
0• .5 INITIAL DEP'LFmION AT 0.1 'K
o .. 119 'Ko ---G-
- ~ ~ ~~O.5r IIICREIIENT FROH O.l'K to 19'K~
-
~
U 0 0°919'~ , • e____ • ::e K
~
0.5
1.0 TCYl'AL DEFLECTION, INITIAL + INCREMENT
WEST BEAM
BEAJ{ T'P.:ST rto 2
8 JR 6.5
L = J60". ENDS "FIXED"
Q: = 22.4 KIPS
Fro. 31 - LATERAL D~TION ,OF CD'l'ROIDAL AXIS OF A DIAPHRAGM-BRACED BEAM
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rID.' 37"" COMPARlSOI OF BUll T!ST RESULTS WITH PRmICTED I.DADS~ L = 2tK)"
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FID. 38 - Her VE&SUS w/"'r FOR 8 JR. 6.5 SECTION WITH DIAPHRAGM BRACOO.
